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MODULI OF RATIONAL CURVES ON WEIGHTED PROJECTIVE STACK, I :
ARITHMETIC OF THE MODULI OF HYPERELLIPTIC FIBRATIONS
CHANGHO HAN AND JUN–YONG PARK
Abstract. We use geometric methods to establish new precise counts on the number of certain
hyperelliptic curves with height of discriminant at most B over Fq(t) with characteristic larger than
2g + 1; the acquired sharp asymptotic count is of order O
(
B
2g+3
4g+2
)
with explicit lower order terms
for each genus g ≥ 2. Through the global fields analogy, we formulate analogous heuristics for
counting hyperelliptic curves or abelian surfaces over Q. In the Appendix, we determine the exact
number of elliptic curves with various level structures or multiple marked points over Fq(t).
1. Introduction
The enumeration of arithmetic curves over an algebraic number field is a central problem in
number theory constituting a crucial part in the Gerd Faltings’ celebrated proof of the Mordell’s
conjecture in 1983 [Mordell, Faltings]. In this regard, the finiteness of the number of truly varying
(i.e., non-isotrivial) families of algebraic curves over Q with bounded bad reduction was a problem
first proposed by Igor R. Shafarevich in his 1962 address at the International Congress in Stockholm.
Problem 1 (Shafarevich’s problem for curves). Let S be a finite set of places of a number field K.
How many distinct K-isomorphism classes of curves X/K are there, of genus g ≥ 2 and possessing
good reduction at all primes P /∈ S ?
‘Shafarevich’s conjecture’ is the assertion that there is only a finite number for any given (g,K, S)
(i.e., Finiteness principle for curves) [Shafarevich]. In this paper we consider a problem of anal-
ogous nature where the number field Q is replaced by the global function field Fq(t) through the
global fields analogy (see Section 5 for further discussion). We answer the geometric Shafarevich’s
problem for odd degree hyperelliptic curves over Fq(t) with a marked Weierstrass point, which
admit squarefree discriminants, by counting instead the quasi-admissible (which includes the odd
hyperelliptic semistable models by Theorem 37) curves over P1Fq , defined below:
Definition 2. Fix an integral reduced K-scheme B. A flat family u : C → B of genus g ≥ 2 curves
is quasi–admissible if every geometric fiber has at worst A2g−1-singularity, and factors through a
separable morphism φ : C → H of degree 2 where H is a P1-bundle over B with a distinguished
section (often called ∞) such that ∞ is a connected component of the branch locus of u.
Significant essential properties of quasi-admissible curves (a special case of [Fedorchuk, Definition
2.5]) are explained in Methods. In particular, given a quasi-admissible curve of genus g ≥ 2 over P1K
(i.e., quasi-admissible fibration, see Definition 33), define the height of the hyperelliptic discriminant
∆g(X) to be ht(∆g(X)) := q
deg∆g(X) as in page 22. Then, we define Zg,Fq(t)(B) as follows:
Zg,Fq(t)(B) := |{Quasi-admissible hyperelliptic genus g curves over P
1
Fq with 0 < ht(∆g(X)) ≤ B}|
We compute it by the exact arithmetic invariants of moduli spaces in Theorem 41 which is equivalent
to counting the quasi-admissible hyperelliptic genus g ≥ 2 fibrations over Fq with char(Fq) > 2g+1
by the bounded height of hyperelliptic discriminant ∆g(X) with a positive real number B.
Theorem 3 (Computation of Zg,Fq(t)(B)). The function Zg,Fq(t)(B), which counts the number of
quasi-admissible hyperelliptic genus g ≥ 2 curves X with a marked Weierstrass point over P1Fq and
ht(∆g(X)) = q
4g(2g+1)n ≤ B, satisfies the following inequality:
1
2 · ηg ·
(
B
2g+3
4g+2 − 1
)
≤ Zg,Fq(t)(B) ≤ 2g · ηg ·
(
B
2g+3
4g+2 − 1
)
where ηg :=
q4g(g+1)+1 · (q2g−1 − 1)(q2g − 1)
(q − 1)(q2g(2g+3) − 1)
.
This implies that both the upper and lower bounds have the leading terms of order O
(
B
2g+3
4g+2
)
.
As a consequence of Theorem 3, we show that there are only finitely many truly varying smooth
families of odd degree hyperelliptic curves of genus g ≥ 2 over an open subset of P1Fq with char(Fq) >
2g + 1 that extend to families of quasi-admissible genus g ≥ 2 curves over P1Fq with squarefree
discriminants. Additionally, we prove that the finiteness is governed by the sharp asymptotic
count on Zg,Fq(t)(B) i.e., it is asymptotic and equal to a function at infinitely many values of B ∈ N.
In this case, the equality takes place whenever B = q4g(2g+1)n and this function has the leading
term of order O
(
B
2g+3
4g+2
)
with the corresponding explicit lower order terms for each genus g ≥ 2.
We explicitly compute Zg,Fq(t)(B) for the g = 2 case as all genus 2 curves are hyperelliptic.
Theorem 4 (Computation of Z2,Fq(t)(B)). The function Z2,Fq(t)(B), which counts the number of
quasi-admissible genus 2 curves X with a marked Weierstrass point over P1Fq by ht(∆2(X)) =
q40n ≤ B, satisfies the following inequality:
Z2,Fq(t)(B) ≤ 2 ·
(q31 + q30 + q29 − q27 − q26 − q25)
(q28 − 1)
·
(
B
7
10 − 1
)
+ 2 ·
(q13 − q11)
(q12 − 1)
·
(
B
3
10 − 1
)
which is an equality when B = q40n for some n ∈ N. This implies that the acquired upper bound is
a sharp asymptotic of order O
(
B
7
10
)
with the lower order terms of orders O
(
B
3
10
)
and O(1).
Whereas for higher genus, Zg≥3,Fq(t)(B) are only counting odd degree hyperelliptic curves.
Theorem 5 (Computation of Z3,Fq(t)(B)). The function Z3,Fq(t)(B), which counts the number
of quasi-admissible hyperelliptic genus 3 curves X with a marked Weierstrass point over P1Fq by
ht(∆3(X)) = q
84n ≤ B, satisfies the following inequality:
Z3,Fq(t)(B) ≤ 2 ·
(q59 + q58 + · · · + q55 − q53 − q52 − · · · − q49)
(q54 − 1)
·
(
B
9
14 − 1
)
+ 2 ·
(q26 + q25 − q23 − q22)
(q24 − 1)
·
(
B
2
7 − 1
)
+ 4 ·
(q19 − q17)
(q18 − 1)
·
(
B
3
14 − 1
)
which is an equality when B = q84n for some n ∈ N. This implies that the acquired upper bound is
a sharp asymptotic of order O
(
B
9
14
)
with the lower order terms of orders O
(
B
2
7
)
, O
(
B
3
14
)
and
O(1).
We finish direct computation with Z4,Fq(t)(B) counting odd hyperelliptic genus 4 curves.
Theorem 6 (Computation of Z4,Fq(t)(B)). The function Z4,Fq(t)(B), which counts the number
of quasi-admissible hyperelliptic genus 4 curves X with a marked Weierstrass point over P1Fq by
ht(∆4(X)) = q
144n ≤ B, satisfies the following inequality:
Z4,Fq(t)(B) ≤ 2 ·
(q95 + q94 + · · ·+ q89 − q87 − q52 − · · · − q81)
(q88 − 1)
·
(
B
11
18 − 1
)
+ 2 ·
(q43 + q42 + q41 − q39 − q38 − q37)
(q40 − 1)
·
(
B
5
18 − 1
)
2
+ 4 ·
(q38 + q37 − q35 − q34)
(q36 − 1)
·
(
B
1
4 − 1
)
+ 4 ·
(q25 − q23)
(q24 − 1)
·
(
B
1
6 − 1
)
which is an equality when B = q144n for some n ∈ N. This implies that the acquired upper bound
is a sharp asymptotic of order O
(
B
11
18
)
with the lower order terms of orders O
(
B
5
18
)
, O
(
B
1
4
)
,
O
(
B
1
6
)
and O(1).
For higher genus g ≥ 5, the corresponding sharp asymptotic count on Zg,Fq(t)(B) rendering a
closed-form formula as above can be similarly worked out through Theorem 41.
We now consider the number field side (particularly, odd degree hyperelliptic curves over Q).
Since a quasi-admissible hyperelliptic genus g fibration f : X → P1Fq is an extension of an odd
degree hyperelliptic curve with a marked Weierstrass point over Spec Fq(t), and can be written as
a monic odd degree Weierstrass equation with coefficients in Fq[t], we define the following via the
direct analogy:
Definition 7. A quasi-admissible hyperelliptic curve C of genus g ≥ 2 over Z is defined through
the following equation:
y2 = x2g+1 + a4x
2g−1 + a6x
2g−2 + a8x
2g−3 + · · · + a4g+2
where each ai ∈ Z with gcd(a4, a6, . . . , a4g+2) = 1 such that C modulo primes p with p > 2g + 1 is
quasi-admissible over Fp. In this case, the discriminant of C is defined as the discriminant of the
generic fiber (over Q, see Definition 39).
Naturally, we formulate the following conjectures by passing the above sharp asymptotic through
the global fields analogy via the bounded height of the hyperelliptic discriminant ∆g (i.e., the norm
of the discriminant), where ht(∆g) is the cardinality of the ring of functions on Spec(Z/(∆g)):
Conjecture 8 (Heuristics on Zg,Q(B)). The function Zg,Q(B) counting the number of odd degree
hyperelliptic genus g ≥ 2 curves with a marked rational Weierstrass point over Z by ht(∆g) ≤ B
follows from the sharp asymptotic count on Zg,Fq(t)(B) through the global fields analogy. Specifi-
cally, the function Zg,Q(B) has the leading term of order O
(
B
2g+3
4g+2
)
with the explicit lower order
terms of corresponding orders for each genus g ≥ 2. In particular, we have the following examples:
• g = 2: leading term is O
(
B
7
10
)
, lower order terms are O
(
B
3
10
)
, O(1).
• g = 3: leading term is O
(
B
9
14
)
, lower order terms are O
(
B
2
7
)
, O
(
B
3
14
)
, O(1).
• g = 4: leading term is O
(
B
11
18
)
, lower order terms are O
(
B
5
18
)
, O
(
B
1
4
)
, O
(
B
1
6
)
, O(1).
To conclude, we consider a closely related problem of counting the abelian varieties over Q.
Problem 9 (Shafarevich’s problem for abelian varieties). Let S be a finite set of places of a number
field K. How many K-isomorphism classes of abelian varieties of dimension g are there, defined
over K, with good reduction at all primes P /∈ S ?
We focus on abelian varieties of dimension 2, i.e., abelian surfaces over Q. By the local (i.e.,
infinitesimal) Torelli theorem in [OS, Theorem 2.6 and 2.7] and [Milne, Theorem 12.1], for any field
K, the Jacobi morphism J2 : M2 →֒ A2, which takes a smooth projective genus 2 curve X/K to
its principally polarized Jacobian (Jac(X), λθ) in A2(K), is an open immersion. Furthermore, it
is shown in [OU, 4. Theorem] (see also [Weil]) that a given principally polarized abelian surface
(A,λ) over a field K, after a finite extension of scalars, is isomorphic to the canonically polarized
(generalized) Jacobian variety (Jac(X), λθ) of a stable genus 2 curve X. In this regard, recall that
3
if a curve X has good reduction at a place v ∈ S then so does its Jacobian Jac(X). By the above
effective Shafarevich’s conjecture estimating the number of stable genus 2 curves over Q (see the
first reason in Methods), we formulate the following conjecture:
Conjecture 10 (Heuristic on N2,Q(B)). The function N2,Q(B), which counts the number of prin-
cipally polarized abelian surfaces A = Jac(X) where X is a stable genus 2 curve over Z with
0 < ht(∆2(X)) ≤ B, is asymptotic to
N2,Q(B) ∼ O
(
B
7
10
)
It would be consequential to prove the above in its original formulation or its translated version
in terms of the classical Faltings height as in [Faltings, §3]. Also we note that the above effective
Shafarevich’s conjecture for abelian surfaces over Q would render the effective Siegel’s theorem
[Siegel] for genus 2 curves over Q as shown in [Levin, Theorem 1.2.].
Methods. The central idea behind the proof of Theorem 3 (and related Theorems 4 and 5) is
counting integral points (with bounded height) on the fine moduli stack parameterizing the quasi-
admissible hyperelliptic genus g ≥ 2 curves over P1Fq . Since any quasi-admissible curve over P
1
Fq
is
a flat family of quasi-admissible Fq-curves over P
1
Fq
, we are led to carefully count certain Fq-points
of the Hom stack Lg ⊂ Hom(P
1,H2g[2g − 1]) (see Proposition 36 for a more precise formulation)
whereH2g[2g−1] is the moduli stack of quasi-admissible curves of genus g ≥ 2 formulated originally
by [Fedorchuk]. Throughout the paper, we consider H2g[2g − 1] as defined over some base field
K (parameterizing quasi-admissible K-curves). While we focus on K = Fq, we also frequently
consider K with char(K) = 0 or > 2g + 1, whenever the results apply to a broader context.
There are three essential reasons to work with quasi-admissible curves (and their moduli stacks):
First of all, by working out the birational geometry of surfaces over char(K) = 0 or > 2g + 1,
we show in Theorem 37 that any quasi-admissible curve over P1K with smooth geometric generic
fibers admits a birational transformation into a unique quasi-stable fibration over P1K , where the
Definition 31 of quasi-stable fibration is a mild generalization of odd degree hyperelliptic semistable
model over P1K . Therefore, counting quasi-admissible curves of genus g ≥ 2 over P
1
Fq
naturally gives
an upper bound for counting odd hyperelliptic semistable models of genus g ≥ 2 over P1Fq .
Secondly, we show in Theorem 35 that the Deligne–Mumford moduli stack H2g[2g − 1] is iso-
morphic to the weighted projective stack P(4, 6, 8, . . . , 4g + 2) if char(K) = 0 or > 2g + 1. Note
that this isomorphism allows us to write down a monic odd degree Weierstrass equation defining a
quasi-admissible curve over K:
y2 = f(x) = x2g+1 + a4x
2g−1 + a6x
2g−2 + a8x
2g−3 + · · ·+ a4g+2,
where not all ai’s are zero. We recall that such an odd degree (singular) hyperelliptic curve always
have a unique rational point at ∞.
And third, by the works of Lockhart and Liu, we have a natural definition (see Definition 39) of
a hyperelliptic discriminant ∆g of such curve C as in [Lockhart, Liu2]. In fact, it is a homogeneous
polynomial of degree 4g(2g + 1) on variables ai’s, where each ai has degree i. Moreover, since
P(4, 6, 8, . . . , 4g + 2) is a weighted projective stack (Definition 15) carrying a primitive ample line
bundle OP(4,6,8,...,4g+2)(1), the degree of the discriminant ∆g of a given quasi-admissible fibration
induced by a moduli map f : P1 → H2g[2g − 1] ∼= P(4, 6, 8, . . . , 4g + 2) is equal to 4g(2g + 1)n
where f∗OP(4,6,8,...,4g+2)(1) ∼= OP1(n). Therefore, the Hom stack Homn(P
1,P(4, 6, 8, . . . , 4g + 2))
parameterizing such morphisms is the moduli stack of quasi-admissible genus g ≥ 2 fibrations of a
4
fixed discriminant degree |∆g| ·n = 4g(2g+1)n and those fibrations have the height of discriminant
equal to q4g(2g+1)n (c.f. Section 5).
All of the above reduce our arithmetic counting problem into summing over the Fq-point counts
of Lg,|∆g|·n := Homn(P
1,P(4, 6, 8, . . . , 4g + 2)) for any n > 0 with ht(∆g(X)) = q
4g(2g+1)n ≤ B.
To acquire this count, we generalize the problem into considering the Hom stack Homn(P
1,P(~λ))
parameterizing the K-morphisms f : P1 → P(~λ) with f∗O
P(~λ)
(1) ∼= OP1(n) for n ≥ 1, where the
target is a weighted projective stack P(~λ) (see Proposition 19). The original motivation of this
generalization lies in the classical geometric Batyrev-Manin conjecture regarding the study of K-
morphisms P1 → X [FMT, BM]. To do so, we first analyze the motive of the moduli stack by
considering the class in the Grothendieck ring of K-stacks (see Definition 20):
Theorem 11 (Motive of the Hom stack Homn(P
1,P(~λ)) over K). Fix the weight ~λ = (λ0, . . . , λN )
with |~λ| :=
N∑
i=0
λi. If char(K) does not divide λi ∈ N for every i, then the motive of the Hom stack
[Homn(P
1,P(~λ))] in the Grothendieck ring of K–stacks K0(StckK) is equivalent to[
Homn(P
1,P(~λ))
]
=
(
N∑
i=0
Li
)
·
(
L|
~λ|n − L|
~λ|n−N
)
.
where L1 := [A1K ] is the Lefschetz motive.
When K = Fq, notice that any finite type algebraic Fq-stack X admits a smooth cover Y → X
by a Fq-scheme of finite type. Thus, the set |X (Fq)/ ∼ | of Fq–isomorphism classes of Fq–points of
X is finite as |Y (Fq)/ ∼ | (defined similarly) is finite as well. Hence, we can define:
Definition 12. The weighted point count of X over Fq is defined as a sum:
#q(X ) :=
∑
x∈|X (Fq)/∼|
1
|Stabx(Fq)|
As the Grothendieck ring K0(StckK) is the universal object for additive invariants, it is easy
to see that when K = Fq, the assignment [X] 7→ #q(X) gives a well-defined ring homomorphism
#q : K0(StckFq)→ Q (c.f. [Ekedahl, §2]) rendering the weighted point count of a stack X .
Corollary 13 (Point count of the Hom stack Homn(P
1,P(~λ)) over Fq). Fix the weight ~λ =
(λ0, . . . , λN ) with |~λ| :=
N∑
i=0
λi. Suppose that char(Fq) does not divide λi ∈ N for every i, then
the weighted point count of the Hom stack Homn(P
1,P(~λ)) over Fq is
#q
(
Homn(P
1,P(~λ))
)
=
(
N∑
i=0
qi
)
·
(
q|
~λ|n − q|
~λ|n−N
)
.
Denote δ := gcd(λ0, . . . , λN ) and ω := max gcd(λi, λj) for 0 ≤ i, j ≤ N . Then the number
|Homn(P
1,P(~λ))(Fq)/ ∼ | of Fq–isomorphism classes of Fq–points (i.e., the non–weighted point
count over Fq) of Homn(P
1,P(~λ)) satisfies
δ ·#q
(
Homn(P
1,P(~λ))
)
≤
∣∣∣Homn(P1,P(~λ))(Fq)/ ∼∣∣∣ ≤ ω ·#q (Homn(P1,P(~λ))) .
We now present the arithmetic invariants of the moduli stack Lg,|∆g|·n.
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Corollary 14 (Motive and weighted point count of Lg,|∆g|·n over Fq). Assume char(K) = 0 or
> 2g+1. Denote ~λg = (4, 6, 8, . . . , 4g +2) such that P( ~λg) ∼= H2g[2g− 1] of dimension 2g− 1 with
| ~λg| :=
2g∑
i=1
2i+2 = 2g(2g+3). Then the motive of the moduli stack Lg,|∆g|·n := Homn(P
1,H2g[2g−1])
of quasi-admissible hyperelliptic genus g ≥ 2 fibrations over P1 with |∆g| · n = 4g(2g + 1)n in the
Grothendieck ring of K–stacks K0(StckK) is equivalent to
[
Lg,|∆g|·n
]
=
(
2g−1∑
i=0
Li
)
·
(
L|
~λg|n − L|
~λg|n−2g+1
)
= L2g(2g+3)n · (L2g−1 + L2g−2 + · · ·+ L2 + L1 − L−1 − L−2 − · · · − L−2g+2 − L−2g+1).
If K = Fq with char(Fq) > 2g + 1, then
#q
(
Lg,|∆g|·n
)
= q2g(2g+3)n · (q2g−1 + q2g−2 + · · ·+ q2 + q1 − q−1 − q−2 − · · · − q−2g+2 − q−2g+1) .
The Theorem 3 is deduced from the above corollary. Moreover, by identifying loci of P(~λ)
with the same stabilizer groups, we obtain the non-weighted point count of Homn(P
1,P(~λ)) by
using Proposition 27, strengthening the second half of the Corollary 13 (the closed-form formula
is recursive in general). Applications of this formula gives Theorem 41, which in turn implies
Theorems 4 and 5.
Relation to other works. In the following paper in progress [HP2] we consider the moduli stack
Ratγ(P
1,P(~λ)) of rational maps of the smooth projective line with a vanishing constraint γ as well
as the moduli stack HomΓ(C,P(~λ)) of genus 0 twisted maps of the orbifold projective line with a
twisting data Γ. We prove the equivalence of the groupoids of K–points of the moduli stacks for
any field K with char(K) ∤ λi for all i. Similar to the applications in [HP] and above, this work in
progress is applied to the arithmetic of the moduli of unstable elliptic surfaces.
Our project could be considered as an extension of the influential work by Jordan S. Ellenberg,
Akshay Venkatesh and Craig Westerland [EVW]. They proved in loc.cit. function field analogue of
the Cohen-Lenstra heuristics on distributions of class groups by point counting the Hurwitz spaces
parameterizing the branched covers of the complex projective line. As the branched covers of the P1
are the fibrations with 0-dimensional fibers, the moduli of fibrations f : X → P1 on fibered surfaces
X with 1-dimensional fibers is the next most natural case to work on. The counting technique in
our project is driven largely by the inspiring work of Benson Farb and Jesse Wolfson [FW] which
in turn was motivated by the ideas in Graeme Segal’s classical paper [Segal].
Outline. The outline of the paper is as follows. In Section 2, we formulate the Hom stack
Homn(P
1,P(~λ)) of rational curves on weighted projective stack P(~λ). In Section 3, we use the
Grothendieck ring of K–stacks K0(StckK) to acquire the motive [Homn(P
1,P(~λ))] (Theorem 11)
which provides the weighted point count #q(Homn(P
1,P(~λ))). We also discuss the related non–
weighted point count |Homn(P
1,P(~λ))(Fq)/ ∼ | there, proving Corollary 13. Afterwards in Section
4, we formulate the moduli stack Lg,|∆g|·n of quasi-admissible hyperelliptic genus g fibrations over
P1 with the hyperelliptic discriminant ∆g via the birational geometry of surfaces. This allows us
to prove Theorem 37. Then we prove the exact count
∣∣Lg,|∆g|·n(Fq)/ ∼∣∣. In Section 5, we prove
Theorems 3 to 5 and give a heuristic evidence for Conjecture 8 by using the global fields analogy.
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2. Moduli stack of rational curves on weighted projective stack P(~λ)
In this section, we formulate the moduli stack ofK-morphisms Homn(P
1,P(~λ)) where the domain
is the smooth projective line P1 and the target is the N -dimensional weighted projective stack P(~λ)
with the weight ~λ = (λ0, . . . , λN ) over a basefield K with char(K) ∤ λi ∈ N for every i .
We first recall the definition of the N -dimensional weighted projective stack P(~λ) .
Definition 15. Fix a tuple of nondecreasing positive integers ~λ = (λ0, . . . , λN ). TheN -dimensional
weighted projective stack P(~λ) = P(λ0, . . . , λN ) with the weight ~λ is defined as a quotient stack
P(~λ) :=
[
(AN+1x0,...,xN \ 0)/Gm
]
where ζ ∈ Gm acts by ζ · (x0, . . . , xN ) = (ζ
λ0x0, . . . , ζ
λNxN ). In this case, the degree of xi’s are
λi’s respectively. A line bundle OP(~λ)(m) is defined to be a line bundle associated to the sheaf of
degree m homogeneous rational functions without poles on AN+1x0,...,xN \ 0.
Note that P(~λ) is not an (effective) orbifold when gcd(λ0, . . . , λN ) 6= 1. In this case, the cyclic
isotropy group Zgcd(λ0,...,λN ) is the generic stabilizer of P(
~λ). Nevertheless, the following proposition
shows that it behaves well in most characteristics as a tame Deligne-Mumford stack:
Proposition 16. The N -dimensional weighted projective stack P(~λ) = P(λ0, . . . , λN ) is a tame
Deligne-Mumford stack over a basefield K if char(K) does not divide λi ∈ N for every i.
Proof. For any algebraically closed field extension K of K, any point y ∈ P(~λ)(K) is represented
by the coordinates (y0, . . . , yN ) ∈ A
N+1
K
with its stabilizer group as the subgroup of Gm fixing
(y0, . . . , yN ). Hence, any stabilizer group of such K-points is Zu where u divides λi for some i.
Since the characteristic of K does not divide the orders of Zλi for any i, the stabilizer group of
y is K-linearly reductive. Hence, P(~λ) is tame by [AOV, Theorem 3.2]. Note that the stabilizer
groups constitute fibers of the diagonal ∆ : P(~λ) → P(~λ) ×K P(~λ). Since P(~λ) is of finite type
and Zu’s are unramified over K whenever u does not divide λi for some i, ∆ is unramified as well.
Therefore, P(~λ) is also Deligne-Mumford by [Olsson2, Theorem 8.3.3]. 
The tameness is analogous to flatness for stacks in positive/mixed characteristic as it is preserved
under base change by [AOV, Corollary 3.4]. Moreover, if a stack X is tame and Deligne-Mumford,
then the formation of the coarse moduli space c : X → X commutes with base change as well by
[AOV, Corollary 3.3].
Example 17. When the characteristic of the fieldK is not equal to 2 or 3, [Hassett, Proposition 3.6]
shows that the proper Deligne–Mumford stack of stable elliptic curves (M1,1)K ∼= [(Spec K[a4, a6]−
(0, 0))/Gm] = PK(4, 6) by using the short Weierstrass equation y
2 = x3+ a4x+ a6x, where ζ · ai =
ζ i · ai for ζ ∈ Gm and i = 4, 6. Thus, ai’s have degree i’s respectively. Note that this is no longer
true if characteristic of K is 2 or 3, as the Weierstrass equations are more complicated.
One can consider an embedding X ⊂ P(~λ) of a given cyclotomic stack X into an ambient P(~λ).
Definition 18. A stack X is cyclotomic if for every point p ∈ X , its stabilizer group is a finite
cyclic group. Any closed substack of a cyclotomic stack is cyclotomic.
We now generalize the Hom stack formulation to P(~λ) as follows.
Proposition 19. The Hom stack Homn(P
1,P(~λ)) with the weight ~λ = (λ0, . . . , λN ) parameterizing
the K-morphisms f : P1 → P(~λ) with f∗O
P(~λ)
(1) ∼= OP1(n) for n ≥ 1 over a basefield K with
7
char(K) not dividing λi ∈ N for every i is a smooth separated tame Deligne–Mumford stack of
finite type with dimK
(
Homn(P
1,P(~λ))
)
= |~λ|n+N where |~λ| :=
N∑
i=0
λi and dimK
(
P(~λ)
)
= N .
Proof. Homn(P
1,P(~λ)) is a smooth Deligne–Mumford stack by [Olsson, Theorem 1.1] isomorphic
to the quotient stack [T/Gm], admitting a smooth schematic cover T ⊂
(
N⊕
i=0
H0(OP1(λi · n))
)
\ 0,
parameterizing the set of tuples (u0, . . . , uN ) of sections with no common zero. The Gm action on
T is given by ζ · (u0, . . . , uN ) = (ζ
λ0u0, . . . , ζ
λNuN ) . Note that
dimT =
n∑
i=0
h0(OP1(λi · n)) =
n∑
i=0
(λi + 1) = |~λ|+N + 1,
implying that dimHomn(P
1,P(~λ)) = |~λ|+N since dimGm = 1.
As Gm acts on T properly with positive weights λi > 0 for every i, the quotient stack [T/Gm] is
separated. It is tame as in [AOV, Theorem 3.2] since char(K) does not divide λi for every i . 
3. Motive/Point count of Homn(P
1,P(~λ))
In this section, we show that the Grothendieck class of [Homn(P
1,P(~λ))] ∈ K0(StckK) in the
Grothendieck ring of K–stacks is expressed as a polynomial in the Lefschetz motive L := [A1].
To perform a weighted point count of Homn(P
1,P(~λ)) over Fq, we use the idea of cut-and-paste
by Grothendieck:
Definition 20. [Ekedahl, §1] Fix a field K. Then the Grothendieck ring K0(StckK) of algebraic
stacks of finite type over K all of whose stabilizer group schemes are affine, is an abelian group
generated by isomorphism classes of K-stacks [X ] of finite type, modulo relations:
• [X ] = [Z] + [X \ Z] for Z ⊂ X a closed substack,
• [E ] = [X × An] for E a vector bundle of rank n on X .
Multiplication on K0(StckK) is induced by [X ][Y] := [X ×K Y]. There is a distinguished element
L := [A1] ∈ K0(StckK), called the Lefschetz motive.
Given an algebraic K-stack X of finite type with affine diagonal, the motive of X refers to
[X ] ∈ K0(StckK).
Since many algebraic stacks can be written locally as a quotient of a scheme by an algebraic
group Gm, the following lemma (originally from [Ekedahl, §1]) is very useful:
Lemma 21. [HP, Lemma 15] For any Gm-torsor X → Y of finite type algebraic stacks, we have
[Y] = [X ][Gm]
−1.
The proof of Theorem 11 involves the following variety of its own interest (a slight generalization
of [FW, Definition 1.1]) :
Definition 22. Fix m ∈ Z>0 and d1, . . . , dm ≥ 0. Define Poly
(d1,...,dm)
1 as the set of tuples
(f1, . . . , fm) of monic polynomials in K[z] so that
(1) deg fi = di for each i, and
(2) f1, . . . , fm have no common roots in K.
The condition that (f1, . . . , fm) ∈ K[z] have no common root is given by the equationR(f1, . . . , fm) 6=
0 where R is the resultant. The classical theory of discriminants and resultants tells us that
Poly
(d1,...,dm)
1 is an algebraic variety defined over Z.
Generalizing the proof of [FW, Theorem 1.2] with the correction from [PS, Proposition 4], we
find the motive of Poly
(d1,...,dm)
1 :
Proposition 23. Fix 0 ≤ d1 ≤ d2 ≤ · · · ≤ dm. Then,[
Poly
(d1,··· ,dm)
1
]
=
{
Ld1+···+dm − Ld1+···+dm−m+1, if d1 6= 0
Ld1+···+dm , if d1 = 0
Proof. The proof is analogous to [FW], Theorem 1.2 (1) with the correction from [PS, Proposition
4], and is a direct generalization of Proposition 15 in [HP]. Here, we recall the differences to the
work in [FW, HP, PS].
Step 1: The space of (f1, . . . , fm) monic polynomials of degree d1, . . . , dm is instead the quotient
Ad1 ×· · ·×Adm/(Sd1 ×· · ·×Sdm)
∼= Ad1+···+dm . We have the same filtration of A
∑
di by R
(d1,...,dm)
1,k :
the space of monic polynomials (f1, . . . , fm) of degree d1, . . . , dm respectively for which there exists
a monic h ∈ K[z] with deg(h) ≥ k and monic polynomials gi ∈ K[z] so that fi = gih for any i. The
rest of the arguments follow analogously, keeping in mind that the group action is via Sd1×· · ·×Sdm .
Step 2: Here, we prove that R
(d1,...,dm)
1,k − R
(d1,...,dm)
1,k+1
∼= Poly
(d1−k,...,dm−k)
1 × A
k. Just as in [FW],
the base case of k = 0 follows from the definition. For k ≥ 1, the rest of the arguments follow
analogously just as in Step 2 of loc. cit. where the isomorphism over Z of the morphism
Ψ : Poly
(d1−k,...,dm−k)
1 × A
k → R
(d1,...,dm)
1,k \R
(d1,...,dm)
1,k+1
is provided by the proof of [PS, Proposition 4].
Step 3: By combining Step 1 and 2 as in [FW], we obtain[
Poly
(d1,...,dm)
1
]
= Ld1+···+dm −
∑
k≥1
[
Poly
(d1−k,...,dm−k)
1
]
Lk
For the induction on the class
[
Poly
(d1,...,dm)
1
]
, we use lexicographic induction on the pair (d1, . . . , dm).
For the base case, consider when d1 = 0. Here the monic polynomial of degree 0 is nowhere vanish-
ing, so that any tuple of polynomials of degree di for i > 1 constitutes a member of Poly
(0,d2,...,dm)
1 ,
so that Poly
(0,d2,...,dm)
1
∼= Ad2+···+dm .
Now assume that d1 > 0. Then, we obtain[
Poly
(d1,...,dm)
1
]
= Ld1+···+dm −
∑
k≥1
[
Poly
(d1−k,...,dm−k)
1
]
Lk
= Ld1+···+dm −
(
d1−1∑
k=1
(L(d1−k)+···+(dm−k) − L(d1−k)+···+(dm−k)−m+1)Lk + L(d2−d1)+···+(dm−d1)Ld1
)
= Ld1+···+dm −
(
d1−1∑
k=1
(Ld1+···+dm−(m−1)k − Ld1+···+dm−(m−1)(k+1)) + Ld1+···+dm−(m−1)d1
)
= Ld1+···+dm − Ld1+···+dm−m+1

Now we are ready to prove Theorem 11.
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3.1. Proof of Theorem 11. Let ~λ = (λ0, . . . , λN ) and λi ∈ N for every i with |~λ| :=
N∑
i=0
λi. Then
the Hom stack Homn(P
1,P(~λ)) ∼= [T/Gm] is the quotient stack by the proof of Proposition 19. By
Lemma 21, we have [Homn(P
1,P(~λ))] = (L − 1)−1[T ]. Henceforth, it suffices to find the motive
[T ]. To do so, we need to reinterpret T as follows.
Fix a chart A1 →֒ P1 with x 7→ [1 : x], and call 0 = [1 : 0] and ∞ = [0 : 1]. It comes from a
homogeneous chart of P1 by [Y : X] with x := X/Y away from ∞. Then for any u ∈ H0(OP1(d))
with d ≥ 0, u is a homogeneous polynomial of degree d in X and Y . By substituting in Y = 1, we
obtain a representation of u as a polynomial in x with degree at most d. For instance, deg u < d
as a polynomial in x if and only if u(X,Y ) is divisible by Y (i.e., u vanishes at ∞). From now on,
deg u means the degree of u as a polynomial in x. Conventionally, set deg 0 := −∞.
Therefore, T parameterizes a N -tuple (f0, . . . , fN ) of polynomials in K[x] with no common roots
in K, where deg fi ≤ nλi for each i with equality for some i. This interpretation gives the following
diagram :
T
Φ
//
/Gm

AN+1 \ 0
Homn(P
1,P(~λ))
where Φ(f0, . . . , fN ) = (a0, . . . , aN ), where ai is the coefficient of degree nλi term of fi.
Now, we stratify T by stratifying AN+1 \0 into ⊔EJ , where J is any proper subset of {0, . . . , N}
and
EJ = {(a0, . . . , aN ) | aj = 0 ∀j ∈ J} ∼= G
N+1−|J |
m
Observe that EJ has the natural free G
N+1−|J |
m -action, which lifts to Φ−1(EJ ) via multiplication
on Gm-scalars on fi for i /∈ J . The action is free on Φ
−1(EJ ) as well, so that Φ|Φ−1(EJ ) is a
Zariski-locally trivial fibration with base EJ . Each fiber is isomorphic to FJ(n~λ) defined below:
Definition 24. Fix m ∈ N and ~d := (d0, . . . , dm) ∈ Z
m+1
>0 . Given J ( {0, . . . ,m}, FJ(
~d) is defined
as a variety consisting of tuples (f0, . . . , fN ) of K-polynomials without common roots such that
• for any j /∈ J , then fj is monic of degree nλj, and
• for any j ∈ J , then deg fj < nλj (fj is not necessarily monic).
If instead J = {0, . . . ,m}, then we define FJ (~d) := ∅
This implies that [Φ−1(EJ)] = [EJ ][FJ(n~λ)] = (L− 1)
N+1−|J |[FJ (n~λ)]. Since
(1) [T ] =
∑
J({0,...,N}
[Φ−1(EJ )] =
∑
J({0,...,N}
[EJ ][FJ (n~λ)] ,
it suffices to find [FJ (n~λ)] as a polynomial of L.
Proposition 25. [FJ(n~λ)] = [Poly
(nλ0,··· ,nλN )
1 ] =
(
L|
~λ|·n − L|
~λ|·n−N
)
, where |~λ| :=
∑
i λi . In other
words, [FJ(n~λ)] only depends on n~λ .
Proof. Set di := nλi for the notational convention. Upto SN+1-action on {0, . . . , N} (forgetting
that λ0 ≤ · · · ≤ λN ), consider instead F〈m〉(~d) with 〈m〉 = {0, · · · ,m − 1} and ~d = (d0, · · · , dN )
with |~d| :=
N∑
i=0
di. We now want to show that
[F〈m〉(~d)] = [Poly
(d0,··· ,dN )
1 ] =
(
L|
~d| − L|
~d|−N
)
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We prove by lexicographical induction on the ordered pairs (N,m) such that N > 0 and 0 ≤
m < N + 1. There are two base cases to consider:
(1) If m = 0, then 〈0〉 = ∅, so that F∅(~d) ∼= Poly
(d0,...,dN )
1 =: Poly
~d
1 by Definition 22.
(2) If N = 1, then m is 0 or 1. m = 0 follows from above. Now assume m = 1. Then
(f0, f1) ∈ F〈1〉(~d) if and only if deg f0 < d0 and deg f1 = d1 > 0 with f1 monic. Observe
that f0 cannot be 0, otherwise f1 has no roots while having positive degree, which is a
contradiction. Since f0 can be written as a0g0 for g0 monic of degree deg f0 and a0 ∈ Gm,
F〈1〉(~d) decomposes into the following locally closed subsets:
F〈1〉(~d) =
d0−1⊔
l=0
Gm × F∅(l, d1) = Gm ×
d0−1⊔
l=0
Poly
(l,d1)
1
Therefore,
[F〈1〉(~d)] = [Gm]
d0−1∑
l=0
[
Poly
(l,d1)
1
]
= (L− 1)
(
Ld1 +
d0−1∑
l=1
(Ll+d1 − Ll+d1−1)
)
= (L− 1)(Ld1 + Ld0+d1−1 − Ld1) = (L− 1)Ld0+d1−1
= Ld0+d1 − Ld0+d1−1
In general, assume that the statement is true for any (N ′,m′) whenever N ′ < N or N ′ = N and
m′ ≤ m. If m+ 1 < N + 1, then we want to prove the assertion for (N,m + 1). We can take the
similar decomposition as the base case (1, 1), except that we vary the degree of fm, which is the
(m+ 1)-st term of (f0, . . . , fN ) ∈ F〈m+1〉(~d), and fm can be 0. If fm = 0, then (f0, . . . , f̂m, . . . , fN )
have no common roots, so that (f0, . . . , f̂m, . . . , fN ) ∈ F〈m〉(d0, . . . , d̂m, . . . , dN ) (and vice versa).
Henceforth, as a set,
F〈m+1〉(~d) = F〈m〉(d0, . . . , d̂m, . . . , dN )
⊔
(Gm × F〈m〉(d0, . . . , 0, . . . , dN ))⊔(
Gm ×
dm−1⊔
ℓ=1
F〈m〉(d0, . . . , ℓ, . . . , dN )
)
By induction,[
F〈m+1〉(~d)
]
=
[
F〈m〉(d0, · · · , d̂m, · · · , dN )
]
+ (L− 1)
[
F〈m〉(d0, · · · , 0, · · · , dN )
]
+ (L− 1)
dm−1∑
ℓ=0
[
F〈m〉(d0, · · · , ℓ, · · · , dN )
]
= L|
~d|−dm − L
~d−dm−N+1 + (L − 1) · L|
~d|−dm
+ (L− 1)
dm−1∑
ℓ=1
(
L|
~d|−dm+ℓ − L|
~d|−dm+ℓ−N
)
= L|
~d|−dm − L|
~d|−dm−N+1 + L|
~d|−dm+1 − L|
~d|−dm
+ (L− 1)L(L|
~d|−dm − L|
~d|−dm−N )(1 + L+ · · ·+ Ldm−2)
= L|
~d|−dm+1 − L|
~d|−dm−N+1 + L(L|
~d|−dm − L|
~d|−dm−N )(Ldm−1 − 1)
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= L|
~d|−dm+1 − L|
~d|−dm−N+1 + L|
~d| − L|
~d|−dm+1 − L|
~d|−N + L|
~d|−dm−N+1
= L|
~d| − L|
~d|−N

Combining (1) and Proposition 25 with
∑
J({0,...,N}
EJ = (A
N+1 \ 0), we finally acquire
[Homn(P
1,P(~λ))] = [Gm]
−1[T ] = (L− 1)−1
∑
J({0,...,N}
[EJ ][Poly
(n~λ)
1 ]
= (L− 1)−1(LN+1 − 1)[Poly
(n~λ)
1 ] =
(
N∑
i=0
Li
)
·
(
L|
~λ|·n − L|
~λ|·n−N
)
This finishes the proof of Theorem 11.
3.2. (Non-)Weighted point count of Homn(P
1,P(~λ)) over finite fields. Fix the basefield
K = Fq a finite field of order q = p
d. Here, we exhibit facts about the weighted point count
#q(Homn(P
1,P(~λ))) and the non–weighted point count (i.e., the number of Fq–isomorphism classes
of Fq–points) |Homn(P
1,P(~λ))(Fq)/ ∼ | over Fq as consequences of Theorem 11.
First, we prove the Corollary 13 below:
Proof of Corollary 13. The first part of the Corollary follows as #q : K0(StckFq) → Q is a ring
homomorphism (c.f. Introduction) with #q(L) = q as L = [A
1
Fq
] . For the second part, notice
that for each ϕ ∈ Homn(P
1,P(~λ)), it contributes 1 towards |Homn(P
1,P(~λ))(Fq)/ ∼ | instead of
1
Stab(ϕ) for #q(Homn(P
1,P(~λ))) . Thus, we need to check that for any ϕ ∈ Homn(P
1,P(~λ))(Fq)
with δ := gcd(λ0, . . . , λN ) and ω := max gcd(λi, λj) for 0 ≤ i, j ≤ N , the stabilizer group satisfies
the following :
δ ≤ |Stab(ϕ)| ≤ ω .
By Proposition 19, we can represent ϕ as a tuple (f0, . . . , fN ) of sections fi ∈ H
0(OP1
Fq
(nλi)), with
equivalence relation given by a Gm–action. Since the stabilizer group of ϕ is identified with the
subgroup of Gm fixing (f0, . . . , fN ), Stab(ϕ) consists of u ∈ Gm(Fq) such that u
λifi = fi for any
i . Since fi’s have no common root and the degree of the morphism ϕ is n ≥ 1, at least two of
those are nonzero; call I to be the set of i’s with fi 6= 0 . Then, u
λi = 1 for any i ∈ I, so that
u is a gcd(λi : i ∈ I)
th root of unity. This shows that Stab(ϕ) is a finite cyclic group of order
gcd(λi : i ∈ I), proving the second part of the Corollary. 
Above proof shows that computing stabilizer groups of Fq–points of Homn(P
1,P(~λ)) is the key
ingredient for comparing between weighted and non–weighted point counts over Fq. Since the
stabilizer group of an equivalence class (f0, . . . , fN ) depends on which fi is 0, we can characterize
such regions as follows :
Definition 26. Fix J to be a subset of indices {0, 1, . . . , N}, where ~λ = (λ0, . . . , λN ) . Then, U(J)
is defined to be a locally closed substack of Homn(P
1,P(~λ)), consisting of equivalence classes of
elements (f0, . . . , fN ) ∈ T with fj 6= 0 for any j ∈ J .
Above definition combined with the proof of Corollary 13 gives an algorithm for computing
|Homn(P
1,P(~λ))(Fq)/ ∼ | :
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Proposition 27.
|Homn(P
1,P(~λ))(Fq)/ ∼ | =
∑
I⊂{0,...,N}
|I|≥2
[U(I)] · gcd(λi : i ∈ I)
Note that writing a closed-form formula for |Homn(P
1,P(~λ))(Fq)/ ∼ | is difficult in general, as
modular arithmetic is used and computing [U(I)] from Homn(P
1,P(~λ)) involves a fairly involved
inclusion-exclusion formula of terms [Homn(P
1,P(~λJ )] where ~λJ is a subtuple of ~λ only involving
λj for j ∈ J ⊂ {0, . . . , N} . Nevertheless, it is possible to obtain a closed-form formula by hand for
special cases (Theorem 41 is a good example).
4. Moduli stack Lg,|∆g|·n of quasi-admissible hyperelliptic genus g fibrations over P
1
In this section, we first define a rational fibration with a marked section which allows us to
define a hyperelliptic genus g fibration with a marked Weierstrass section as a double cover fibra-
tion. Subsequently, we focus on a quasi-admissible hyperelliptic genus g fibration over P1 with
a marked Weierstrass section which extends a family of odd degree hyperelliptic genus g curves
over Fq(t) with a marked Weierstrass point. For detailed references on hyperelliptic fibrations
or fibered algebraic/arithmetic surfaces (over an algebraically closed field), we refer the reader to
[Liu, Liedtke].
Recall that a hyperelliptic curve C is a separable morphism φ : C → P1 of degree 2. In order
to extend the notion of hyperelliptic curve C into family, we first generalize the notion of rational
curve P1 into family.
Definition 28. A rational fibration with a marked section is given by a flat proper morphism
h : H → P1 of pure relative dimension 1 with a marked section s′ : P1 → H such that
(1) any geometric fiber h−1(c) is a connected rational curve (so that arithmetic genus is 0),
(2) s′(P1) is away from the non-reduced locus of any geometric fiber, and
(3) s′(P1) is away from the singular locus of H.
If the geometric generic fiber of h is a smooth rational curve, then we call (H,h, s′) a P1-fibration.
We will occationally call (H,h, s′) a rational fibration when there is no ambiguity on the marked
section s′. Note that we allow a rational fibration H to be reducible (when generic fiber is a nodal
chain), and the total space of a P1-fibration can be singular. Certain double cover of the rational
fibration gives us the hyperelliptic genus g fibration with a marked Weierstrass section.
Definition 29. A hyperelliptic genus g fibration with a marked Weierstrass section consists of a
tuple (X,H, h, f, s, s′) of a rational fibration h : H → P1, a flat proper morphism f : X → H of
degree 2 with X connected and reduced, and sections s : P1 → X and s′ : P1 → H such that
(1) Each geometric fiber (h ◦ f)−1(c) is a connected 1–dimensional scheme of arithmetic genus
g,
(2) s(P1) is contained in the smooth locus of h ◦ f and is away from the non-reduced locus of
any geometric fiber,
(3) s′ = f ◦ s and s(P1) is a connected component of the ramification locus of f (i.e., s′(P1) is
a connected component of the branch locus of f), and
(4) if p is a node of a geometric fiber h−1(c), then any q ∈ f−1(p) is a node of the fiber
(h ◦ f)−1(c),
The underlying genus g fibration is a tuple (π := h ◦ f, s) with π : X → P1 a flat proper morphism
with geometric fibers of arithmetic genus g with a marked Weierstrass point given by s.
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Note 30. An isomorphism between hyperelliptic genus g fibrations (X1,H1, h1, f1, s1, s
′
1) and
(X2,H2, h2, f2, s2, s
′
2) is given by a pair of isomorphisms α : X1 → X2 and β : H1 → H2 such
that
(1) h2 ◦ β = h1 and f2 ◦ α = β ◦ f1 (P
1–isomorphism criteria), and
(2) β ◦ s = s′ (compatibility with sections).
From now on, we only consider non-isotrivial hyperelliptic fibrations, i.e., the underlying genus g
fibrations must be non-isotrivial. Thus, non-isotrivialness will be assumed on every statement and
discussions below.
Recall that a fibration with a section is said to be semistable if the total space is nonsingular
and all of its fibers are reduced nodal curves such that each smooth rational component meets the
other components and the section at no less than 2 points. The quasi-stable fibration is defined
as the semistable fibration without the reduced nodal condition on the fibers. This leads to the
following definition :
Definition 31. A quasi-stable hyperelliptic genus g fibration with a marked Weierstrass section is
a hyperelliptic genus g fibration (X,H, h, f, s, s′) with X nonsingular and KX + s(P
1) is π-nef. We
assume that X is not isotrivial, i.e., the trivial hyperelliptic fiber bundle over P1 with no singular
fibers.
Moreover, if every geometric fiber is reduced and nodal, then (X,H, h, f, s, s′) is called a semi-
stable hyperelliptic genus g fibration with a marked Weierstrass section.
Conditions in the above definition implies that (X, s(P1))/P1 is minimal (c.f. [Tanaka, Theorem
6.5]), i.e., KX + s(P
1) is π-nef. In classical language, this means that there are no smooth rational
curves of self-intersection −1 in a fiber without meeting s(P1). Note that the generic fiber cannot
be reducible as X is nonsingular, implying that the corresponding rational fibration is indeed a
P1-fibration.
Example 32. Suppose that (X,H, h, f, s, s′) is a quasi-stable hyperelliptic genus g fibration with
a marked Weierstrass section. Then, it is possible that f : X → H in a e´tale local neighborhood
of p ∈ H is the map A2x,y → A
2
x,y/µ2, where µ2 acts on A
2
x,y by (x, y) 7→ (−x,−y) . In this case,
π can be given by A2x,y → A
1
z by z = xy . Note that H admits an A1–singularity at p, f
−1(p) is a
node of a fiber of π, but X is nonsingular.
On the other hand, consider the blowup BlpH → H with the exceptional curve E. Since E
2 = −2,
we can e´tale locally take the double cover of BlpH → H branched along E, giving us a smooth
surface X ′ . It is easy to see that X ′ is e´tale locally isomorphic to the pullback of f along the
blowup. In this case, the fiber of induced π′ : X ′ → P1 containing the reduced preimage E′ of
E has multiplicity 2 at E′ (as the map X ′ → BlpH is ramified over E). Since (E
′)2 = −1, X ′ is
not minimal, thus contracting E′ on X ′ is necessary to obtain a semistable hyperelliptic genus g
fibration (resulting singularites on H).
Example 32 illustrates that a general quasi-stable hyperelliptic genus g fibration often gives a
singular P1-fibration. On the other hand, we could instead consider the hyperelliptic fibrations
with singular X but smooth P1-bundle H. Then, each fiber of X is irreducible and is a double
cover of P1 branched over 2g + 2 number of points, where many of these points could collide. For
instance, if l branch points collide, then the preimage has Al−1-singularity on the fiber, given e´tale
locally by an equation y2− xl = 0 . Such a curve is called the quasi-admissible hyperelliptic curve,
defined in Definition 2. Quasi-admissible hyperelliptic curves over P1K (which are non-isotrivial)
are equivalent to the following:
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Definition 33. A hyperelliptic fibration (X,H, h, f, s, s′) is quasi-admissible if for every geometric
point c ∈ C, f restricted to the fibers of X and H is quasi-admissible. We assume that X is not
isotrivial over P1, i.e., all geometric fibers are isomorphic.
Remark 34. Observe that the Definitions 28, 29, 31, and 33 should be interpreted as rational
/ hyperelliptic / quasi-stable / semistable / quasi-admissible curves over P1K , instead of a point
Spec K (just as in Definition 2). Thus, these definitions can be extended to corresponding curves
over a general scheme T , assuming that any geometric point t of T has the property that the
characteristic of the residue field is 0 or bigger than 2g + 1 (when instead g = 1, the standard
definition of semistable over T is more delicate whenever the characteristic of geometric point is 2
or 3, and is not analogous to the definitions proposed in this paper).
In particular, a quasi-admissible hyperelliptic fibration (X,H, h, f, s, s′) has the property that H
is a P1-bundle, and on each geometric fiber of H, each point of the branch divisor away from s′
has the multiplicity at most 2g . Moreover, X is the double cover of H branched along the branch
divisor (which coincides with the branch locus).
To parameterize such fibrations, we first consider the moduli stack H2g[2g−1] of quasi-admissible
hyperelliptic genus g curves characterized by [Fedorchuk, Proposition 4.2(1)] :
Theorem 35. If p := char(K) is 0 or > 2g+1, then the moduli stack H2g[2g−1] of quasi-admissible
hyperelliptic genus g curves is a tame Deligne-Mumford stack isomorphic to P(4, 6, 8, . . . , 4g + 2),
where a point (a4, a6, a8, . . . , a4g+2) of P(4, 6, 8, . . . , 4g + 2) corresponds to the quasi-admissible
hyperelliptic genus g curve with the Weierstrass equation
(2) y2 = x2g+1 + a4x
2g−1 + a6x
2g−2 + a8x
2g−3 + · · · + a4g+2
Proof. Proof of [Fedorchuk, Proposition 4.2(1)] is originally done when p = 0, so it suffices to show
that the proof in loc.cit. extends to the case when p > 2g + 1 .
When p = 0, the proof of loc.cit. shows that the quasi-admissible hyperelliptic curves are
characterized by the base P1 with the branch locus of degree 2g + 1 on A1 = P1 \ ∞, of the form
x2g+1 + a2x
2g + a4x
2g−1 + a6x
2g−2 + a8x
2g−3 + · · ·+ a4g+2 = 0
where a2 = 0 and not all of the rest of ai’s vanish. When p > 2g + 1, any monic polynomial of
degree 2g+1 with not all roots being identical can be written in the same way (via same method)
by replacing x by x − a2(2g+1) (this is allowed as 2g + 1 < p is invertible). Hence, the moduli stack
is indeed isomorphic to P(4, 6, 8, . . . , 4g + 2), with a2i’s referring to the standard coordinates of
P(4, 6, 8, . . . , 4g + 2) of degree 2i .
Since p > 2g + 1. P(4, 6, 8, . . . , 4g + 2) is tame Deligne-Mumford by Proposition 16 . 
Assigning H2g[2g − 1] as the target stack, we can now formulate the moduli stack Lg of quasi-
admissible hyperelliptic genus g fibrations with a marked Weierstrass section as the following :
Proposition 36. Assume char(K) = 0 or > 2g+1. Then, the moduli stack Lg of quasi-admissible
hyperelliptic genus g fibrations over P1 with a marked Weierstrass section is the tame Deligne–
Mumford stack Hom>0(P
1,H2g[2g−1]) parameterizing the K-morphisms f : P
1 →H2g[2g−1] with
deg f∗OH2g [2g−1](1) > 0.
Proof. By the definition of the universal family p, any quasi-admissible hyperelliptic genus g fi-
bration f : Y → P1 comes from a morphism ϕf : P
1 → H2g[2g − 1] and vice versa. As this
correspondence also works in families, the moduli stack Lg is a substack of Hom(P
1,H2g[2g − 1]).
As H2g[2g − 1] is tame Deligne–Mumford by Theorem 35, the Hom stack Hom(P
1,H2g[2g − 1]) is
Deligne–Mumford by [Olsson]. Tameness follows from [AOV], as H2g[2g − 1] itself is tame. Thus,
Lg is tame Deligne–Mumford as well.
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Since any quasi-admissible hyperelliptic genus g fibration f is not isotrivial, ϕf must be a non-
trivial morphism, i.e. the image of f in H2g[2g − 1]) is 1-dimensional. Since non-trivialness of
a morphism is an clopen condition, the corresponding clopen locus (consisting of the union of
connected components) Hom>0(P
1,H2g[2g − 1]) is indeed isomorphic to Lg. 
By working out the birational geometry of surfaces over char(K) = 0 as well as char(K) >
2g + 1 in Section 4.1, we construct a geometric transformation from Qg(K) the K–points of the
moduli functor Qg of the quasi-stable (which includes the semistable odd) hyperelliptic genus g ≥ 2
fibrations (see Definition 31) over P1 with a marked Weierstrass section to Lg(K) the K–points of
the moduli functor Lg. In fact, this transformation is injective:
Theorem 37. If char(K) = 0 or char(K) > 2g + 1, then there is a canonical monomorphism
of groupoids F : Qg(K) → Lg(K). In particular, the image of F consists of quasi–admissible
hyperelliptic genus g fibrations with nonsingular geometric generic fibers.
4.1. Proof of Theorem 37. Recall that the monomorphism of groupoids means fully faithful
embedding of groupoids (interpreted as categories).
Step 1. Reinterpretation of double covers as sheaves of algebras. The reference for next
paragraph is [AP, §1.2] when K is algebraically closed, and we show in the next paragraph that
the same theory holds for our purpose even when K is not algebraically closed. Note that we need
char(K) 6= 2, which is guaranteed from the assumptions of Theorem 37.
Fix any hyperelliptic fibration (X,H, h, f, s, s′) such that X and H are normal. Then, the
geometric generic fiber of h ◦ f is smooth (so is the geometric generic fiber of h). Denote B to be
the branch divisor (i.e., the divisorial part of the branch locus) of f : X → H . Since any finite
morphism is affine, we can reinterpret f : X → H by considering the relative SpecH of the sheaf of
OH–algebra f∗OX . In this viewpoint, X ∼= SpecHf∗OX . Observe that H is given as a Z/2Z
∼= µ2-
quotient of X, as X is normal. Denote the involution action on X to be the action associated to
−1 ∈ Z/2Z. Since f∗OX is locally free of rank 2 (as a OH–module) away from singular locus of H,
the involution decomposes f∗OX naturally into a direct sum M ⊕ L
−1 of sheaves, where M (resp.
L−1) is the eigenspace corresponding to eigenvalue 1 (resp. −1) under the action of the involution.
Since the quotient of X by the µ2-action (via involution) is H, M ∼= OH . Note that L is locally
free of rank 1 away from the singular locus of H .
If H is nonsingular, then e´tale locally on H, X is given as a double cover of H branched along B.
Since local sections of OX with eigenvalue (−1) under the involution is given by a rational function
y that vanishes on the ramification divisor of f , L−1 is the square root OH(−B/2) of the ideal sheaf
of branch divisor B of f , where B/2 is an effective divisor (non-unique in general) of H. To see the
OH–algebra structure on OH⊕OH(−B/2), notice that Equation (2) with y being the local generator
of OH(−B
′/2) implies that the corresponding multiplication OH(−B/2) ⊗ OH(−B/2) → OH is
given by tensoring with a section µ ∈ H0(OH(B)) vanishing exactly at B.
If instead X is nonsingular (and no assumption on nonsingularity of H), then by looking at the
action of the involution on the tangent spaces of fixed points, it is easy to conclude that the fixed
points of X under involution is a disjoint union of a smooth divisor and a finite collection of points
(see first paragraph of Example 32 for isolated fixed point case). Thus, H has only A1-singularities
(corresponding isolated fixed points of X under the involution), and B is a smooth divisor in the
smooth locus of H. In this case, X is the normalization of the double cover of the smooth locus of
H branched along B.
Step 2. Construction of faithful F : Qg(K)→ Lg(K). Fix any member of Qg(K), i.e., a quasi-
stable hyperelliptic genus g fibration (X,H, h, f, s, s′) . Denote B⊔s′(C) to be the divisorial part of
the branch locus of f : X → H (B is also called branch divisor in literature). Notice that h restricted
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to B has degree 2g +2. By Step 1, B is smooth and contained in the smooth locus of H, implying
that (H, 12gB + s
′(C)) is log canonical (see [HP, §3] and references therein). Take h–log canonical
model of (H, 12gB+s
′(C))/P1K to obtain a birational P
1
K–morphism ϕ : (H,
1
2gB+s
′(P1K))→ (H
′,D′)
where H ′ is a rational fibration over K and D′ is a R–divisor of H ′ defined over K (see [HP, §3
and proof of Proposition 11] for the construction of log canonical model). Since the only minimal
rational curve, defined over an algebraically closed field with 12g weights on (2g + 1) points and
weight 1 on another point, is a smooth rational curve where the point of weight 1 is distinct from
the other points (of weight 12g ), H
′ is a P1–fibration (given by h′ : H ′ → P1K) as every geometric
fiber of (H ′,D′) is minimal. This description shows that D′ decomposes into 12gA
′ + T ′ where A′
is a divisor of H ′ and T ′ consists of weight 1 points on each geometric fiber of H ′/P1K . Thus, T
′
comes from a section t′ of h′ . We will show that H ′ is the P1–fibration associated to the desired
quasi–admissible hyperelliptic genus g fibration.
To finish the construction of the quasi–admissible fibration, take Stein factorization on ϕ◦f . This
gives a finite morphism f ′ : X ′ → H ′ and a morphism ψ : X → X ′ with geometrically connected
fibers such that ϕ◦ f = f ′ ◦ψ . Since f is finite of degree 2 and ϕ is birational, f ′ is finite of degree
2 and ψ is birational. Moreover, B′ := A′ + T ′ is the branch locus of f ′ . By calling t to be the
unique lift of t′ on h′ ◦ f ′, (X ′,H ′, h′, f ′, t, t′) is the desired quasi–admissible hyperelliptic fibration.
Define F(X,H, h, f, s, s′) := (X ′,H ′, h′, f ′, t, t′) .
To see that F is faithful, suppose that there are two isomorphisms
(αi, βi) : (X1,H1, h1, f1, s1, s
′
1)→ (X2,H2, h2, f2, s2, s
′
2)
between quasi-stable fibrations that induce the same isomorphism under F :
(α′, β′) : F(X1,H1, h1, f1, s1, s
′
1)→ F(X2,H2, h2, f2, s2, s
′
2)
Denote (X ′j ,H
′
j , h
′
j , f
′
j, tj , t
′
j) = F(Xj ,Hj , hj , fj , sj, s
′
j) for j = 1, 2 . From the construction of F
shown above, Xj and X
′
j are birational and Hj and H
′
j are birational as well. Since they are
separated varieties over K, (α1, β1) must be equal to (α2, β2) , hence F is faithful.
Before showing that F is full, we first want to verify that the image of F under Qg(K) is as
described in the statement. It is necessary to understand the image of F first as we can relate the
geometry of isomorphisms in Lg(K) to Qg(K) .
Step 3. Construction of an inverse image (X,H, h, f, s, s′) of F(X ′,H ′, h′, f ′, t, t′). Fix any
quasi–admissible fibration (X ′,H ′, h′, f ′, t, t′) (coming from ϕ : P1 → H2g[2g− 1]) with nonsingular
geometric generic fiber. Denote B′ to be the branch divisor of f ′ : X ′ → H ′ . This construction is
broken down into multiple substeps:
Step 3.1. Resolving singularities of X ′ and H ′. The assumption on the geometric generic
fiber of h′ ◦ f ′ implies that B′ is a generically smooth K–curve in a nonsingular surface H ′ . Thus,
all but finitely many fibers of h′ intersects B′ transversely. Call F ′ the disjoint union of those
finitely many fibers that meet B′ non-transversely. First, resolve singularities of a curve B′ in a
smooth surface H ′ by repeated blowups on K–points of H ′ as explained in [Kolla´r, Theorem 1.67].
This is called the minimal embedded resolution of (H ′, B′) . Similarly, we can instead take the log
resolution (H ′′, B′′ ∪ F ′′) of the pair (H ′, B′ ∪ F ′), where B′′ and F ′′ are proper transforms of B′
and F ′ respectively, by blowing up further on the minimal embedded resolution, where the union
of B′′, F ′′ and the support of the exceptional locus of the blowups δ : H ′′ → H ′ is nodal. Notice
that
δ∗B′ = B′′ +
∑
i
aiEi
17
where Ei is an exceptional divisor of δ and ai are positive integers. Define E
′′ =
∑
b(ai)Ei, where
b(n) =
{
0 if n is even,
1 otherwise
Then, blowup any nodal locus of B′′ ∪ E′′ in H ′′ to obtain a pair (H,B) of a rational fibration H
with nonsingular total space and a smooth curve B (a proper transform of B′′). Define δ : H → H ′
to be the sequence of blowups on H ′ to obtain H, and define h : H → P1 to be the composition
h′ ◦ δ. Observe that this time, B ∪E is a smooth (not necessarily connected) K–curve, where E is
defined analogously to E′′ except that we use δ instead of δ .
Here, we want to construct a double cover f : X → H, which has nonsingular total space. To
do so, notice that δ
∗
B′ and B + E differ by an even divisor 2W , with support contained in the
exceptional locus of δ . Since B′ itself is even as seen above, B + E is even as well. Therefore, we
can define X as a double cover of H branched along B + E . Since B + E is nonsingular, X is
nonsingular as well.
Note that X as the double cover of H is given by the OH –module OH ⊕OH(−(B+E)/2) with
a section µ ∈ H0(OH(B+E)) . To obtain a natural morphism η : X → X
′, set µ = ν−2δ
∗
µ′ where
ν is a nontrivial section of OH(W ) cutting out the divisor W . Then, we can see that there is a
corresponding morphism of OH–algebras
δ
∗
(OH′ ⊕OH′(−B
′/2))→ OH ⊕OH(−(B + E)/2),
inducing η . To see that η is independent of choices, note that the above morphism on the second
factor must be induced by ν, and it is easy to see that any other choice λν with λ ∈ K∗ gives arise
the isomorphic OH –algebra.
By lifting t, t′ via δ to X and H respectively, we have a hyperelliptic fibration (X,H, h, f , t, t
′
)
with X and H nonsingular. All that is left is to massage this hyperelliptic fibration to obtain the
desired quasi-stable fibration (X,H, h, f, s, s′) .
Step 3.2. Contracting unnecessary curves in X and H via MMP. Finally, define H as the
δ–minimal model of (H ,12(B + E)) (see [Fujino, §7-8] if charK = 0 and [Tanaka, Theorem 6.5] if
charK > 0). H is given by a sequence of contractions of smooth rational curves that map to a point
of H ′ with KH +
1
2(B+E)–negative intersections. This procedure is called δ–MMP (shorthand for
Minimal Model Program) on (H, 12(B+E)). As a result, there is an induced morphism δm : H → H
and C · (KH +
1
2(B +E)) ≥ 0 where B,E are images of B,E respectively and C is any curve in H
mapping to a point under δm .
Construction of the desired double cover f : X → H is done via induction on the individual
steps of δ–MMP H → H . Denote the sequence of KH +
1
2 (B + E)–negative contractions as
H =: H(0)
ǫ1−→ H(1)
ǫ2−→ · · ·
ǫl−→ H(l) := H
where
ǫi−→ is the contraction of KH(i−1) +
1
2(B
(i−1) +E(i−1))–negative rational curve Ci−1 ⊂ H
(i−1)
and B(i−1), E(i−1) are images of B,E to H(i−1) respectively. The goal is to define a sequence of
double covers fi : X
(i) → H
(i)
branched over B(i)+E(i) and birational morphisms ρi : X
(i−1) → X(i)
such that
(1) X(0) := X and f0 := f (the base case),
(2) fi ◦ ρi = ǫi ◦ fi−1 for every i (commutativity),
(3) X(i) is nonsingular for each i and f∗i (KH(i) +
1
2(B
(i) + E(i))) = KX(i) .
Moreover, we claim that ρi can be chosen as a composition of a sequence of contractions of smooth
rational curves of self-intersection −1 that map to a point in X ′. Once this is established, we can
define X := X(l) and f := fl .
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To prove this induction, suppose that we already have morphisms fj and ρw for j, w ≤ i with
above properties. Since ǫi+1 ◦ fi is proper, then the Stein factorization gives ǫi+1 ◦ fi = fi+1 ◦ ρi+1
where ρi+1 : X
(i) → X(i+1) has connected fibers and fi+1 : X
(i+1) → H(i+1) is finite. Observe that
fi+1 has degree 2 as deg fi = 2, and is branched over the image B
(i+1)+E(i+1) of B(i)+E(i) . Since
ǫi+1 is the contraction of Ci ⊂ H
(i), ρi+1 is the contraction of f
∗
i Ci . Notice that f
∗
i Ci ·KX(i) < 0 as
Ci · (KH(i) +
1
2(B
(i) +E(i))) < 0 combined with the induction hypothesis. Moreover, the push–pull
formula with C2i < 0 (as Ci is in a fiber of H
(i) → P1) implies that
(f∗i Ci)
2 = Ci · (fi)∗f
∗
i Ci = Ci · 2Ci < 0 .
Since fi induces an involution (automorphism of order 2) on X
(i), f∗i Ci is irreducible or decomposes
into involutionary pairs of irreducible curves V1, V2 (not necessarily distinct) with Vj ·KX(i) < 0.
If f∗i Ci is irreducible, then by using the adjunction formula on X
(i),
degKf∗i Ci = (KX(i) + f
∗
i Ci) · f
∗
i Ci < 0,
and this is an integer as f∗i Ci is contained in a smooth surface X
(i) (i.e., f∗i Ci has Gorenstein
singularities). Since 2pa(f
∗
i Ci)− 2 = degKf∗i Ci where pa(f
∗
i Ci) is the arithmetic genus of f
∗
i Ci and
any connected curve has arithmetic genus at least 0, pa(f
∗
i Ci) = 0. Since the only irreducible curve
of arithmetic 0 is a smooth rational curve, ρi+1 is a contraction of one smooth rational curve f
∗
i Ci
of self-intersection (f∗i Ci)
2 = −1.
Instead, if f∗i Ci = 2V as above (when V1 = V2), then fi induces an isomorphism between V
and Ci . Moreover, it is easy to see that both KX(i) · V and V
2 are negative. The adjunction
formula as above implies that V 2 = −1, and ρi+1 is a contraction of one smooth rational curve V
of self-intersection −1 (c.f. Example 32).
The last remaining case is when f∗i Ci = V1 + V2 with V1 and V2 distinct. Then the involution
automorphism gives KX(i) ·V1 = KX(i) ·V2 < 0 and V
2
1 = V
2
2 . As above, fi induces an isomorphism
between Va to Ci for a = 1, 2, so that V
2
a = −1 and KX(i) · Va = −1 similarly. Since 0 > (f
∗
i Ci)
2 =
−2+2V1·V2, V1 ·V2 = 0, i.e., V1 and V2 are disjoint. Henceforth, ρi+1 is a composition of contractions
of disjoint curves V1 and V2 of self-intersection −1.
Therefore, ρi+1 is a contraction of one (or two disjoint) smooth rational curve(s) of self-intersection
−1 with its (their) preimage(s) contained in the exceptional divisor of η . Henceforth, X(i+1) is
nonsingular and has an induced map to X ′ (we call ηm : X → X
′). This proves the induction
hypothesis, which gives the construction of f : X → H .
By defining the section s to be the pushforward of t under a sequence {ρi}i of contractions, it
remains to show that KX+s(P
1) is π–nef, where π := h◦f and h : H → P1 is the rational fibration
structure. Equivalently, it suffices to check that each irreducible component C of any fiber of π has
nonnegative intersection with KX + s(P
1) . Notice that such irreducible component is either an
exceptional divisor of ηm or is a proper transform of a fiber of X
′ under ηm .
If C maps to a point in X ′ , then f∗C is an exceptional divisor of δm since X
′ is a double cover
of H ′ . Then push-pull formula gives
C ·KX = f∗C ·
(
KH +
1
2
(B + E)
)
≥ 0
where the last inequality follows from the description of H as δ–minimal model shown above.
On the other hand, if C is a proper transform of a fiber of X ′, then C intersects s(P1) transversely
and ηm(C) is a fiber of h
′◦f ′ : X ′ → H ′ . Henceforth, C is a reduced component of the corresponding
fiber F of π and C2 ≤ 0 . The adjunction formula gives C · (KX + C) = 2pa(C) − 2, so that
KX ·C ≥ 2pa(C)− 2 . If C is rational, then F has other irreducible components (since pa(F ) = g),
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so that C2 < 0 and KX · C > −2 . Thus, (KX + s(P
1)) · C ≥ 0 in this case. On the other hand, if
pa(C) > 0, then KX · C ≥ 0 already.
Combining above, we have proved that KX + s(P
1) is π–nef, showing that F(X,H, h, f, s, s′) is
isomorphic to the given (X ′,H ′, h′, f ′, t, t′) where s′ := f ◦s . Moreover, (X, s(P1)) is the η–minimal
model of (X, t(P1)) by the uniqueness of the minimal model of surfaces.
Step 4. Fullness of F . Given any isomorphism ψ between (X ′i,H
′
i, h
′
i, f
′
i , ti, t
′
i)’s in Lg(K)
with smooth geometric generic fiber for i = 1, 2, notice that ψ comes in pairs of isomorphisms
ψ1 : X
′
1 → X
′
2 and ψ2 : H
′
1 → H
′
2 (so denote ψ = (ψ1, ψ2)). First, notice that ψ2 lifts to an
isomorphism ψ2 : H1 → H2 where H
′
i is given as above by log–resolution and extra blowups. By
interpreting X ′i as a OH′i–algerba for each i, we see that ψ1 is identified with λ
′ ∈ K∗ such that
µ′1 = λ
′ψ∗1µ
′
2, where µ
′
i ∈ H
0(OH′i(B
′
i) for each i is the section characterizing O
′
Hi
–algebra structure
on O′Hi–module (f
′
i)∗OX′i and B
′
i is the branch divisor of f
′
i . By choosing a consistent choice of
νi ∈ H
0(OHi(Wi) needed for construction of f i : Xi → H i for each i, we can see that ψ1 lifts to an
isomorphism ψ1 : Xi → X2 such that f2 ◦ ψ1 = ψ2 ◦ f1, establishing the isomorphism ψ between
(X i,H i, hi, f i, ti, t
′
i)’s.
Due to the commutativity of ψ1, ψ2, f1, f2 as above, ψ2 induces a unique isomorphism τ2 : H1 →
H2 (whereHi for each i is the corresponding δi–minimal model as above). Together with ψ1 and the
interpretation ofXi’s asOHi –algebras, we obtain an induced isomorphism of algebras τ1 : X1 → X2
(where each Xi is the double cover of Hi as in the construction). Since the induced morphisms also
satisfy commutativity f2 ◦ τ1 = τ2 ◦ f1, we have shown that the isomorphism τ = (τ1, τ2) is a lift of
ψ. This proves the fullness of F , therefore finishing the proof of Theorem 37.
Remark 38. Due to log abundance being a conjecture for higher dimensions and simultaneous
log resolution of singularities may not exist, we face the same issue as in [HP, Remark 13]. To
summarize, it is unclear whether F in the proof above extends, giving a functor from the moduli
of quasi–stable hyperelliptic fibrations to Lg. Even if it extends, it is still unclear whether the
extension is still a monomorphism of moduli stacks. For details on this, refer to [HP, Remark 13].
4.2. Hyperelliptic discriminant ∆g of quasi-admissible hyperelliptic genus g fibration.
As we consider the algebraic surfaces as fibrations in curves over P1, the discriminant ∆ is a key
invariant. For the quasi-admissible hyperelliptic genus g fibrations over P1, we have the work of
[Lockhart, Liu2] which describes the hyperelliptic discriminant ∆g .
Definition 39. [Lockhart, Definition 1.6, Proposition 1.10] The hyperelliptic discriminant ∆g of
the monic odd degree Weierstrass equation y2 = x2g+1+ a4x
2g−1+ a6x
2g−2+ a8x
2g−3+ · · ·+ a4g+2
over a basefield K with char(K) 6= 2 is
∆g = 2
4g ·Disc(x2g+1 + a4x
2g−1 + a6x
2g−2 + · · · + a4g+2)
which has deg(∆g) := |∆g| = 4g(2g +1) formally when we associate each variable ai with degree i.
Note that when g = 1, the discriminant ∆1 of the short Weierstrass equation y
2 = x3+ a4x+ a6
coincides with the usual discriminant −16(4a34 − 27a
2
6) of an elliptic curve. We can now formulate
the moduli stack Lg,|∆g|·n of quasi-admissible fibration over P
1 with a fixed discriminant degree
|∆g| · n = 4g(2g + 1)n and a marked Weierstrass section :
Proposition 40. Assume char(K) = 0 or > 2g + 1. Then, the moduli stack Lg,|∆g|·n of quasi-
admissible hyperelliptic genus g fibrations over P1K with a marked Weierstrass section and a hyperel-
liptic discriminant of degree |∆g| ·n = 4g(2g+1)n over a basefield K is the tame Deligne–Mumford
Hom stack Homn(P
1,H2g[2g − 1]) parameterizing the K-morphisms f : P
1 → H2g[2g − 1] with
H2g[2g − 1] ∼= P( ~λg) = P(4, 6, 8, . . . , 4g + 2) such that f
∗O
P( ~λg)
(1) ∼= OP1(n) for n ≥ 1 .
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Proof. Since deg f∗O
P( ~λg)
(1) = n is an open condition, Homn(P
1,H2g[2g − 1]) is an open substack
of Hom(P1,H2g[2g − 1]). Now, it suffices to show that deg f = n (i.e., deg f
∗O
P( ~λg)
(1) = n) if and
only if the discriminant degree of the corresponding quasi-admissible fibration is 4g(2g+1)n. Note
that deg f = n if and only if the quasi-admissible fibration is given by the Weierstrass equation
y2 = x2g+1 + a4x
2g−1 + a6x
2g−2 + · · · + a4g+2
where ai’s are sections of O(in), since ai’s represent the coordinates of P(4, 6, . . . , 4g+2). Then by
Definition 39, it is straightforward to check that ∆g has the discriminant degree 4g(2g + 1)n. 
Observe that the above Proposition combined with the Corollary 13 proves the Corollary 14.
4.3. Exact count
∣∣Lg,|∆g|·n(Fq)/ ∼∣∣ of the Fq–isomorphism classes over finite fields. Fix
n ∈ Z+, note that a given morphism ϕg ∈ Homn(P
1,H2g[2g − 1] ∼= P( ~λg)) can map into a special
substack of P( ~λg). By using Corollary 13, Proposition 27, and Proposition 40, we count the exact
number of Fq–isomorphism classes
∣∣Lg,|∆g|·n(Fq)/ ∼∣∣ of quasi-admissible hyperelliptic fibrations:
Theorem 41. If char(Fq) > 2g + 1, the number
∣∣Lg,|∆g|·n(Fq)/ ∼∣∣ of Fq–isomorphism classes of
quasi-admissible hyperelliptic genus g = 2, 3, 4 fibrations over P1 with a marked Weierstrass section
and a hyperelliptic discriminant of degree |∆g| · n = 4g(2g + 1)n is equal to
|L2,40n(Fq)/ ∼| = 2 · q
28n · (q3 + q2 + q1 − q−1 − q−2 − q−3) + 2 · q12n · (q1 − q−1)
|L3,84n(Fq)/ ∼| = 2 · q
54n · (q5 + · · ·+ q1 − q−1 − · · · − q−5) + 2 · q24n · (q2 + q1 − q−1 − q−2)
+ 4 · q18n · (q1 − q−1)
|L4,144n(Fq)/ ∼| = 2 · q
88n · (q7 + · · ·+ q1 − q−1 − · · · − q−7)
+ 2 · q40n · (q3 + q2 + q1 − q−1 − q−2 − q−3)
+ 4 · q36n · (q2 + q1 − q−1 − q−2) + 4 · q24n · (q1 − q−1)
And for genus g ≥ 5, the corresponding exact count
∣∣Lg,|∆g|·n(Fq)/ ∼∣∣ can be similarly worked out.
Proof. Recall that P( ~λg) in this case has the property that λi = 4 + 2i for i = 0, . . . , 2g − 1 .
For genus 2 case, notice that gcd(λi : i ∈ I) in Proposition 27 is 2 except when I = {0, 2} (
corresponding to P(4, 8) ( P(4, 6, 8, 10)), taking the value 4. Therefore, Proposition 27 gives
|L2,40n(Fq)/ ∼| =
∑
I⊂{0,...,2g+1}
|I|≥2
[U(I)] · gcd(λi : i ∈ I) =
∑
I⊂{0,...,2g+1}
|I|≥2
I 6={0,2}
2[U(I)] + 4[U(0, 2)]
= 2
 ∑
I⊂{0,...,2g+1}
|I|≥2
[U(I)]
 + 2[U(0, 2)]
= 2 ·#q
(
Homn(P
1,P(4, 6, 8, 10))(Fq )
)
+ 2 ·#q
(
Homn(P
1,P(4, 8))(Fq)
)
= 2 · q28n · (q3 + q2 + q1 − q−1 − q−2 − q−3) + 2 · q12n · (q1 − q−1)
By following the Proposition 27, the explicit counting shown here can straightforwardly general-
ized to higher genus cases by identifying the special substack of P(4, 6, . . . , 4g + 2) with the order
of the generic stabilizer group bigger than 2.

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5. Counting odd degree hyperelliptic genus g curves over global fields by ∆g
In this last section, we show the effective finiteness regarding the geometric Shafarevich’s prob-
lem on the odd hyperelliptic curves, which admit squarefree discriminant, over Fq(t) with over
char(Fq) > 2g + 1. As the elliptic g = 1 case has been previously worked out by both authors in
[HP, §5], we assume from now on that g ≥ 2. Through the arithmetic invariant |Lg,|∆g|·n(Fq)/ ∼ |,
we explicitly compute the number Zg,Fq(t)(B) of quasi-admissible hyperelliptic genus g fibrations
(Definition 31) with the height ht(∆g(X)) := q
deg∆g(X) of the hyperelliptic discriminant ∆g(X)
bounded by a positive real number B. This count gives us a new sharp asymptotic with the leading
term of order O
(
B
2g+3
4g+2
)
and the corresponding explicit lower order terms for each genus g ≥ 2.
An analogous object is Zg,Q(B) which is the counting of certain odd degree hyperelliptic genus g
curves with a marked rational Weierstrass point over Q, explained below. In the end, we formulate
a heuristic that for both of the global fields (when K is either Fq(t) or Q) the asymptotic behavior
of the counting functions Zg,K(B) will match with one another.
In order to draw the analogy, we need to fix an affine chart A1Fq ⊂ P
1
Fq
and its corresponding ring
of functions Fq[t] interpreted as the ring of integers of the field of fractions Fq(t) of P
1
Fq
. This is
necessary since Fq[t] could come from any affine chart of P
1
Fq
, whereas the ring of integers OK for
the number field K is canonically determined. We denote ∞ ∈ P1Fq to be the unique point not in
the chosen affine chart.
Note that for a maximal ideal p in OK , the residue field OK/p is finite for both of our global
fields. One could think of p as a point in Spec OK and define the height of a point p.
Definition 42. Define the height of a point p to be ht(p) := |OK/p| the cardinality of the residue
field OK/p.
We now introduce the notion of bad reduction & good reduction.
Definition 43. Let C be an odd degree hyperelliptic genus g curve over K given by the odd degree
Weierstrass equation
y2 = x2g+1 + a4x
2g−1 + a6x
2g−2 + · · ·+ a4g+2,
with a2i+2 ∈ OK for every 1 ≤ i ≤ 2g. Then C has bad reduction at p if the fiber Cp over p is
a singular curve of degree 2g + 1. The prime p is said to be of good reduction if Cp is a smooth
hyperelliptic genus g curve.
For simplicity, assume that X does not have a singular fiber over ∞ ∈ P1Fq . Note that the primes
p of bad reductions are precisely the points of the discriminant divisor ∆g, as the fiberXp is singular
over ∆g. When K = Fq(t) the global function field, we have ∆g(X) ∈ H
0(P1,O(4g(2g + 1)n)) by
the proof of Proposition 40. It has the following factorization for pairwise distinct maximal ideals
pi ⊂ Fq[t] and α ∈ F
∗
q over the affine chart:
∆g(X) = 2
4g ·Disc(x2g+1 + a4x
2g−1 + a6x
2g−2 + · · · + a4g+2) = α
µ∏
i=1
ht(pi)
ki
This formula implies that given a general odd degree hyperelliptic genus g fibration over the
number field K has 4g(2g + 1)n singular fibers (in fact, nodal).
As the hyperelliptic discriminant divisor ∆g(X) is an invariant of the choice of quasi-admissible
model f : X → P1, we count the number of Fq–isomorphism classes of quasi-admissible hyperelliptic
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genus g fibrations on the function field Fq(t) by the bounded height of ∆g(X) :
ht(∆g(X)) =
µ∏
i=1
|Fq[t]/pi|
ki = (qe1)k1 · · · (qei)ki · · · (qeµ)kµ = qe1k1+···+eµkµ = q|∆g(X)|
In general, the height of a hyperelliptic discriminant ∆g(X) of any X (without nonsingular fiber
assumption over ∞) is defined as q|∆g(X)| where deg(∆g(X)) := |∆g(X)| is equal to 4g(2g + 1).
Proof of Theorem 4. Knowing the number of Fq-isomorphism classes of quasi-admissible genus 2
fibrations of discriminant degree 40n over Fq is
|L2,40n(Fq)/ ∼ | = 2 · q
28n · (q3 + q2 + q1 − q−1 − q−2 − q−3) + 2 · q12n · (q1 − q−1)
by Theorem 41, we explicitly compute the bounds for Z2,Fq(t)(B) as the following,
Z2,Fq(t)(B) =
⌊
logqB
40
⌋∑
n=1
|L2,40n(Fq)/ ∼ |
=
⌊
logqB
40
⌋∑
n=1
2 · q28n · (q3 + q2 + q1 − q−1 − q−2 − q−3) + 2 · q12n · (q1 − q−1)
= 2 · (q3 + q2 + q1 − q−1 − q−2 − q−3)
⌊
logqB
40
⌋∑
n=1
q28n + 2 · (q1 − q−1)
⌊
logqB
40
⌋∑
n=1
q12n
≤ 2 · (q3 + q2 + q1 − q−1 − q−2 − q−3)
(
q28 + · · ·+ q28·(
logqB
40
)
)
+ 2 · (q1 − q−1)
(
q12 + · · ·+ q12·(
logqB
40
)
)
= 2 · (q3 + q2 + q1 − q−1 − q−2 − q−3)
(
q28 · (B
7
10 − 1)
(q28 − 1)
)
+ 2 · (q1 − q−1)
(
q12 · (B
3
10 − 1)
(q12 − 1)
)
= 2 ·
(q31 + q30 + q29 − q27 − q26 − q25)
(q28 − 1)
·
(
B
7
10 − 1
)
+ 2 ·
(q13 − q11)
(q12 − 1)
·
(
B
3
10 − 1
)
On the fourth line of the equations above, inequality becomes an equality if and only if n :=
logqB
40 ∈ N, i.e., B = q
40n for some n ∈ N. This implies that the acquired upper bound on Z2,Fq(t)(B)
is a sharp asymptotic of order O
(
B
7
10
)
with the lower order terms of orders O
(
B
3
10
)
and O(1). 
As there are non-hyperelliptic curves for higher genus g ≥ 3 curves, Zg≥3,Fq(t)(B) is only counting
the quasi-admissible hyperelliptic genus g ≥ 3 curves over P1Fq . We determine Z3,Fq(t)(B) explicitly
thereby counting the quasi-admissible hyperelliptic genus 3 curves over P1Fq .
Proof of Theorem 5. Knowing the number of Fq-isomorphism classes of quasi-admissible hyperel-
liptic genus 3 fibrations of discriminant degree 84n over Fq is |L3,84n(Fq)/ ∼| = 2 · q
54n · (q5 + · · ·+
q1 − q−1 − · · · − q−5) + 2 · q24n · (q2 + q1 − q−1 − q−2) + 4 · q18n · (q1 − q−1) by Theorem 41, we
explicitly compute the bounds for Z3,Fq(t)(B) similarly as genus 2 case. 
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We conclude with Z4,Fq(t)(B) counting the quasi-admissible hyperelliptic genus 4 curves over P
1
Fq
.
Proof of Theorem 6. Knowing the number of Fq-isomorphism classes of quasi-admissible hyperellip-
tic genus 4 fibrations of discriminant degree 144n over Fq is |L4,144n(Fq)/ ∼| = 2·q
88n ·(q7+· · ·+q1−
q−1−· · ·−q−7)+2·q40n ·(q3+q2+q1−q−1−q−2−q−3)+4·q36n ·(q2+q1−q−1−q−2)+4·q24n ·(q1−q−1)
by Theorem 41, we explicitly compute the bounds for Z4,Fq(t)(B) similarly as genus 2 case. 
The computation for the higher genus cases Zg,Fq(t)(B) can be done similarly to acquire the sharp
asymptotic after working out the
∣∣Lg,|∆g|·n(Fq)/ ∼∣∣ by the Theorem 41. While the lower order terms
vary, the order of the leading term can be found by the following. This computation effectively
answers the geometric Shafarevich’s problem on the odd hyperelliptic genus g ≥ 2 curves, which
admit squarefree discriminant, with a marked Weierstrass point over Fq(t) with char(Fq) > 2g+1 .
Below, we prove Theorem 3, which gives a closed-form asymptotic formula (this only extracts the
leading term):
Proof of Theorem 3. Note that the automorphism group of minimum order of ϕg is the generic sta-
bilizer group µδ = µ2 of P( ~λg) and the automorphism group of maximum order of ϕg is µω = µ2g
as 2g is the maximum value of GCD for all possible pairs among ~λg = (4, 6, 8, . . . , 4g + 2). By
Corollary 13 we know that the number of Fq-isomorphism classes of quasi-admissible hyperel-
liptic genus g fibrations of hyperelliptic discriminant degree |∆g| · n = 4g(2g + 1)n over Fq is
2 · #q
(
Lg,|∆g|·n
)
≤
∣∣Lg,|∆g|·n(Fq)/ ∼∣∣ ≤ 2g · #q (Lg,|∆g|·n), we can explicitly compute the bounds
for Zg,Fq(t)(B) as the following,
Zg,Fq(t)(B) =
⌊
logqB
4g(2g+1)
⌋∑
n=1
|Lg,|∆g|·n(Fq)/ ∼ |
≤
⌊
logqB
4g(2g+1)
⌋∑
n=1
2g · q2g(2g+3)n ·
(q2g−1 − 1)(q − q−2g+1)
q − 1
= 2g ·
(q2g−1 − 1)(q − q−2g+1)
q − 1
⌊
logqB
4g(2g+1)
⌋∑
n=1
q2g(2g+3)n
= 2g ·
(q2g−1 − 1)(q − q−2g+1)
q − 1
(
q2g(2g+3) + · · ·+ q
2g(2g+3)·(
logqB
4g(2g+1)
)
)
= 2g ·
(q2g−1 − 1)(q − q−2g+1)
q − 1
·
(
q2g(2g+3) · (B
2g+3
4g+2 − 1)
q2g(2g+3) − 1
)
= 2g ·
q4g(g+1)+1 · (q2g−1 − 1)(q2g − 1)
(q − 1)(q2g(2g+3) − 1)
·
(
B
2g+3
4g+2 − 1
)
The lower bound can be computed similarly by substituting 2g with 2. This implies that the sharp
asymptotic (which can be found explicitly after working out
∣∣Lg,|∆g|·n(Fq)/ ∼∣∣ by the Theorem 41)
has the leading term of order O
(
B
2g+3
4g+2
)
with the corresponding explicit lower order terms for each
genus g ≥ 2.

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Switching to the number field with K = Q and OK = Z, one could choose the minimal integral
Weierstrass model of an odd degree hyperelliptic curve with the given hyperelliptic discriminant
divisor ∆g which is already a number. This renders the Conjecture 8, stated in the Introduction.
On a related note, the number of discriminants ∆1 of an elliptic curve over Z with smooth
generic fiber such that ∆1 ≤ B is estimated to be asymptotic to O
(
B
5
6
)
by [BMc]. The lower
order term of order O
(
B(7−
5
27
+ǫ)/12
)
for counting the stable elliptic curves over Q by the bounded
height of squarefree ∆1 was suggested by the work of [Baier] improving upon their previous error
term in [BB]. In fact, Baier proved his asymptotic for a different height function of an elliptic
curve, which seems to be related to the height of the discriminant upto the power of 12, giving arise
to the prediction above. However, his proof relies on the assumption of the Riemann Hypothesis
for Dirichlet L-functions which implies in particular that without the Riemann Hypothesis, we
currently do not know the lower order term over Q. For global function fields, by considering the
moduli of semistable elliptic surfaces and finding its motive/point count, we acquire [HP, Theorem
3] the sharp asymptotic on Z1,Fq(t) for counting the semistable elliptic curves by the bounded height
of ∆1(X) over Fq(t) with char(Fq) 6= 2, 3 giving the leading term of order O
(
B
5
6
)
and the lower
order term of order O(1). The arithmetic invariant which leads to the above counting also has been
established in the past via different method by the seminal work of [de Jong].
Since the qualitative finiteness shown by the classical works of [Parshin, Oort] (see [Ka¨nel] for
partly explicit upper bound) where the proofs thus far showed finiteness only for nonsingular projec-
tive hyperelliptic curves, we currently do not have an explicit count for the number of (semi)stable
genus 2 curves over Q by the bounded height of ∆2. Similarly, we also lack explicit counts for the
number of (semi)stable hyperelliptic genus g ≥ 3 curves over Q by the bounded height of ∆g. It
would be fascinating if one could actually show Zg,Q(B) to have the leading term of order O
(
B
2g+3
4g+2
)
and the corresponding explicit lower order terms for the number of hyperelliptic genus g ≥ 2 curves
with a bounded height of hyperelliptic discriminant ∆g over a number field Q as shown here by the
sharp asymptotic counts of Zg,Fq(t) over global function fields Fq(t) with char(Fq) > 2g + 1.
6. Appendix - Counting elliptic curves with level structures
or multiple marked points over global function fields Fq(t)
In this appendix, we extend the count on the exact number of semistable elliptic curves over P1Fq
from [HP, Theorem 3] by using the above methods (i.e., Theorem 11 and Corollary 13).
Specifically, we count the exact number of elliptic curves over global function fields Fq(t) with
level structures [Γ1(n)] for 2 ≤ n ≤ 4 or [Γ(2)]. Recall that a level structure [Γ1(n)] on an elliptic
curve E is a choice of point P ∈ E of exact order n in the smooth part of E such that over every
geometric point of the base scheme every irreducible component of E contains a multiple of P
(see [KM, §1.4]). And a level structure [Γ(2)] on an elliptic curve E is a choice of isomorphism
φ : Z/2Z ⊕ Z/2Z → E(2) where E(2) is the scheme of 2-torsion Weierstrass points (i.e., kernel of
the multiplication-by-2 map [2] : E → E) (see [DR, II.1.18 & IV.2.3]).
Additionally, we consider curves of arithmetic genus one over Fq(t) with m-marked rational
points for 2 ≤ m ≤ 5 by instead counting the exact number of (m− 1)-stable m-marked curves of
arithmetic genus one formulated originally by the works of [Smyth, Smyth2].
To count the number of certain elliptic curves over global function fields Fq(t) with level structures
[Γ(n)] or [Γ1(n)] as in Theorem 3, we need to extend the notion of (nonsingular) elliptic curves
(semistable for [HP]) that admits desired level structures. By the work of Deligne and Rapoport
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[DR] (summarized in [Niles, §2]), we consider the generalized elliptic curves over P1K with [Γ]–
structures (where Γ is Γ(n) or Γ1(n)) over a field K (focusing on K = Fq). Roughly, a generalized
elliptic curve X over P1K can be thought of as a flat family of semistable elliptic curves admitting a
group structure, such that a finite group scheme G → P1K (determined by Γ) embeds into X and its
image meets every irreducible component of every geometric fibers of X. Again, we only consider
the truly varying (i.e., non-isotrivial) generalized elliptic curves. If X is as above, then ∆(X) is the
discriminant of a generalized elliptic curve and if K = Fq, then 0 < ht(∆(X)) := q
deg∆(X).
Now, define Z
[Γ]
1,Fq(t)
(B) as follows:
Z
[Γ]
1,Fq(t)
(B) := |{Generalized elliptic curves over P1Fq with [Γ]–structures and 0 < ht(∆(X)) ≤ B}|
Then, we acquire the following descriptions of Z
[Γ]
1,Fq(t)
(B):
Theorem 44 (Computation of Z
[Γ]
1,Fq(t)
(B)). The function Z
[Γ]
1,Fq(t)
(B) counting the number of gen-
eralized elliptic curves with [Γ]-structures over P1Fq by ht(∆(X)) = q
12n ≤ B satisfies the following
inequality:
Z
[Γ1(2)]
1,Fq(t)
(B) ≤ 2 ·
(q7 − q5)
(q6 − 1)
· (B
1
2 − 1)
Z
[Γ1(3)]
1,Fq(t)
(B) ≤
(q5 − q3)
(q4 − 1)
· (B
1
3 − 1)
Z
[Γ1(4)]
1,Fq(t)
(B) ≤
(q4 − q2)
(q3 − 1)
· (B
1
4 − 1)
Z
[Γ(2)]
1,Fq(t)
(B) ≤ 2 ·
(q5 − q3)
(q4 − 1)
· (B
1
3 − 1)
which is an equality when B = q12n for some n ∈ N implying that the acquired upper bound is a
sharp asymptotic with the following terms:
• [Γ1(2)]: leading term is O
(
B
1
2
)
, lower order term is O(1).
• [Γ1(3)]: leading term is O
(
B
1
3
)
, lower order term is O(1).
• [Γ1(4)]: leading term is O
(
B
1
4
)
, lower order term is O(1).
• [Γ(2)]: leading term is O
(
B
1
3
)
, lower order term is O(1).
The order of the leading terms of the acquired sharp asymptotic counts over global function
fields Fq(t) matches the asymptotic order of the analogous counting by Harron and Snowden in
[HS, Theorem 1.2] over a number field Q, but uses instead a different height function (see also
[Duke, Grant]). It remains an intriguing problem to count the remaining ten possibilities (classified
by the fundamental theorem [Mazur, Theorem 8]) of the torsion subgroups with |G| > 4 over Fq(t)
and compare with analogous counting over Q.
Now, let’s consider instead elliptic curves with m-marked rational points. To count the number
of certain curves of arithmetic genus one over global function fields Fq(t) with m-markings as
in Theorem 3, we need to again extend the notion of (nonsingular) elliptic curves that admits
desired m-markings. Here, we consider the (m − 1)-stable m-marked curves of arithmetic genus
one (defined by Smyth in [Smyth, §1.1] for characteristic 6= 2, 3, extended to lower characteristic
with mild conditions by [LP, Definition 1.5.3]), see Definition 53 for a precise definition. Note that
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if char(Fq) > 3 and m = 1, then 0-stable 1-marked curves are exactly stable elliptic curves as in
[DM]. Then just as in Definition 2, we consider the following definition:
Definition 45. Fix an integral reduced K-scheme B, where K is a field. Then a non-isotrivial flat
morphism π : X → B is a m-marked (m− 1)-stable genus one fibration over B if any fiber of π is
a (m− 1)-stable m-marked curves of arithmetic genus one.
Observe that if char(K) = 0 or > 3, then am-marked (m−1)-stable genus one fibration X → P1K
has a discriminant ∆(X) ⊂ P1K , and if K = Fq, then 0 < ht(∆(X)) := q
deg∆(X).
Now, define Z1,m,Fq(t)(B) as follows:
Z1,m,Fq(t)(B) := |{m-marked (m−1)-stable genus one fibrations over P
1
Fq with 0 < ht(∆(X)) ≤ B}|
Note that when m = 1, Z1,m,Fq(t)(B) counts stable elliptic fibrations, which is described in [HP,
Theorem 3] (by identifying stable elliptic fibrations with nonsingular semistable elliptic surfaces,
see [HP, Proposition 11]). When 2 ≤ m ≤ 5, we acquire the following descriptions of Z1,m,Fq(t)(B):
Theorem 46 (Computation of Z1,m,Fq(t)(B)). The function Z1,m,Fq(t)(B) counting the number of
m-marked (m − 1)-stable genus one fibration over P1Fq for 2 ≤ m ≤ 5 by ht(∆(X)) = q
12n ≤ B
satisfies the following inequality:
Z1,2,Fq(t)(B) ≤
(q11 + q10 − q8 − q7)
(q9 − 1)
· (B
3
4 − 1) +
(q7 − q5)
(q6 − 1)
· (B
1
2 − 1)
Z1,3,Fq(t)(B) ≤
(q11 + q10 + q9 − q7 − q6 − q5)
(q8 − 1)
· (B
2
3 − 1) +
(q5 − q3)
(q4 − 1)
· (B
1
3 − 1)
Z1,4,Fq(t)(B) ≤
(q11 + q10 + q9 + q8 − q6 − q5 − q4 − q3)
(q7 − 1)
· (B
7
12 − 1) +
(q5 − q3)
(q4 − 1)
· (B
1
3 − 1)
Z1,5,Fq(t)(B) ≤
(q11 + q10 + q9 + q8 + q7 − q5 − q4 − q3 − q2 − q1)
(q6 − 1)
· (B
1
2 − 1)
which is an equality when B = q12n for some n ∈ N implying that the acquired upper bound is a
sharp asymptotic with the following terms:
• m = 2: leading term is O
(
B
3
4
)
, lower order terms are O
(
B
1
2
)
and O(1).
• m = 3: leading term is O
(
B
2
3
)
, lower order terms are O
(
B
1
3
)
and O(1).
• m = 4: leading term is O
(
B
7
12
)
, lower order terms are O
(
B
1
3
)
and O(1).
• m = 5: leading term is O
(
B
1
2
)
, lower order term is O(1).
6.1. Arithmetic of the moduli of generalized elliptic curves over P1 with level structures.
The essential geometrical idea in acquiring the above arithmetic counts is to consider the moduli
stack of rational curves on a compactified modular curve as in [HP]. The various compactified
modular curves M1,1[Γ] are isomorphic to the 1-dimensional weighted projective stacks P(a, b).
Proposition 47. The moduli stack M1,1[Γ] of generalized elliptic curves with [Γ]-structures is
isomorphic to the following.
(1) Let K be a field with char(K) 6= 2, the tame Deligne–Mumford moduli stack of generalized
elliptic curves with [Γ1(2)]-structures is isomorphic to
(M1,1[Γ1(2)])K ∼= [(Spec K[a2, a4]− (0, 0))/Gm] = PK(2, 4)
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(2) Let K be a field with char(K) 6= 3, the tame Deligne–Mumford moduli stack of generalized
elliptic curves with [Γ1(3)]-structures is isomorphic to
(M1,1[Γ1(3)])K ∼= [(Spec K[a1, a3]− (0, 0))/Gm] = PK(1, 3)
(3) Let K be a field with char(K) 6= 2, the tame Deligne–Mumford moduli stack of generalized
elliptic curves with [Γ1(4)]-structures is isomorphic to
(M1,1[Γ1(4)])K ∼= [(Spec K[a1, a2]− (0, 0))/Gm] = PK(1, 2)
(4) Let K be a field with char(K) 6= 2, the tame Deligne–Mumford moduli stack of generalized
elliptic curves with [Γ(2)]-structures is isomorphic to
(M1,1[Γ(2)])K ∼= [(Spec K[a2, a2]− (0, 0))/Gm] = PK(2, 2)
Where λ · ai = λ
iai for λ ∈ Gm and i = 1, 2, 3, 4. Thus, the ai’s have degree i respectively.
Moreover, the discriminant divisors of (M1,1[Γ])K ∼= PK(i, j) as above have degree 12.
Proof. Proof of the first, second, third and fourth equivalence can be found in [Behrens, Section
1.3], [HM, Proposition 4.5], [Meier, Examples 2.1] and [Stojanoska, Proposition 7.1] respectively.
By Proposition 16, the weighted projective stacks are tame Deligne–Mumford as well.
For the degree of the discriminant, it suffices to find the weight of the Gm-action. First, the
four papers cited above explicitly construct universal families of elliptic curves over the schematic
covers (Spec K[ai, aj ]−(0, 0)) → PK(i, j) of the corresponding moduli stacks. The explicit defining
equation of the respective universal family implies that the λ ∈ Gm also acts on the discriminant
of the universal family by multiplying λ12. Therefore, the discriminant has degree 12. 
We now consider the moduli stack L
[Γ]
1,12n := Homn(P
1,M1,1[Γ]) of generalized elliptic curves
over P1 with [Γ]-structures.
Proposition 48. Assume char(K) = 0, 6= 2 for [Γ] = [Γ1(2)], [Γ1(4)], [Γ(2)], 6= 3 for [Γ] = [Γ1(3)].
Then, the moduli stack L
[Γ]
1,12n of generalized elliptic curves over P
1 with discriminant degree 12n > 0
and [Γ]-structures is the tame Deligne–Mumford stack Homn(P
1,M1,1[Γ]) parameterizing the K-
morphisms f : P1 →M1,1[Γ] such that f
∗OM1,1[Γ](1)
∼= OP1(n).
Proof. Without the loss of generality, we prove the Homn(P
1,M1,1[Γ1(2)]) case over a field K with
char(K) 6= 2. The proof for the other cases are analogous. By the definition of the universal
family p, any generalized elliptic curves π : Y → P1 with [Γ1(2)]-structures comes from a morphism
f : P1 →M1,1[Γ1(2)] and vice versa. As this correspondence also works in families, the moduli stack
of generalized elliptic curves over P1 with [Γ1(2)]-structures is isomorphic to Hom(P
1,M1,1[Γ1(2)]).
Since the discriminant degree of f is 12 deg f∗OM1,1[Γ1(2)](1) by Proposition 47, the substack
Homn(P
1,M1,1[Γ1(2)]) parametrizing such f ’s with deg f
∗OM1,1[Γ1(2)](1) = n is the desired moduli
stack. Since deg f∗OM1,1[Γ1(2)](1) = n is an open condition, Homn(P
1,M1,1[Γ1(2)]) is an open sub-
stack of Hom(P1,M1,1[Γ1(2)]), which is tame Deligne–Mumford by Proposition 19 as M1,1[Γ1(2)]
itself is tame Deligne–Mumford by Proposition 47. This shows that Homn(P
1,M1,1[Γ1(2)]) satisfies
the desired properties as well. 
We now apply the Theorem 11 to the moduli stacks L
[Γ]
1,12n
∼= Homn(P
1,M1,1[Γ]) over a field K
and acquire the following motives in the Grothendieck ring of K–stacks K0(StckK).
Corollary 49. If char(K) 6= 2, then
[L
[Γ1(2)]
1,12n ] = L
6n+1 − L6n−1 ,
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[L
[Γ1(4)]
1,12n ] = L
3n+1 − L3n−1 ,
[L
[Γ(2)]
1,12n ] = L
4n+1 − L4n−1 .
If char(K) 6= 3, then
[L
[Γ1(3)]
1,12n ] = L
4n+1 − L4n−1 .
It is easy to see that when K = Fq, the assignment [L
[Γ]
1,12n] 7→ #q(L
[Γ]
1,12n) gives the weighted
point count of the moduli stack L
[Γ]
1,12n over Fq.
Corollary 50. If char(Fq) 6= 2, then
#q(L
[Γ1(2)]
1,12n ) = q
6n+1 − q6n−1 ,
#q(L
[Γ1(4)]
1,12n ) = q
3n+1 − q3n−1 ,
#q(L
[Γ(2)]
1,12n) = q
4n+1 − q4n−1 .
If char(Fq) 6= 3, then
#q(L
[Γ1(3)]
1,12n ) = q
4n+1 − q4n−1 .
Furthermore, we obtain the number |L
[Γ]
1,12n(Fq)/ ∼ | of Fq–isomorphism classes of Fq–points (i.e.,
the non–weighted point count).
Proposition 51. If char(Fq) 6= 2, then
|L
[Γ1(2)]
1,12n (Fq)| = 2(q
6n+1 − q6n−1) ,
|L
[Γ1(4)]
1,12n (Fq)| = q
3n+1 − q3n−1 ,
|L
[Γ(2)]
1,12n(Fq)| = 2(q
4n+1 − q4n−1) .
If char(Fq) 6= 3, then
|L
[Γ1(3)]
1,12n (Fq)| = q
4n+1 − q4n−1 .
Proof. Fix n > 0. Since any ϕg ∈ Homn(P
1,P(a, b)) is surjective, the generic stabilizer group
µgcd(a,b) of P(a, b) is the automorphism group of ϕg. Then the Definition 12 and Proposition 27
implies that the number |L
[Γ]
1,12n(Fq)/ ∼ | of Fq–isomorphism classes of generalized elliptic curves
with discriminant degree 12n and [Γ]-structures is
|L
[Γ]
1,12n(Fq)/ ∼ | = (gcd(a, b)) · (#q(L
[Γ]
1,12n))
where the factor gcd(a, b) that is either 2 or 1 comes from the hyperelliptic involution (or lack
thereof) depending on the corresponding modular weights (a, b) of M1,1[Γ] ∼= P(a, b). 
Remark 52. It is striking to note that while the weighted point counts #q(L
[Γ1(3)]
1,12n ) = #q(L
[Γ(2)]
1,12n)
are the same due to the equal sum of the modular weights of the compactified modular curves
M1,1[Γ1(3)] ∼= P(1, 3) and M1,1[Γ(2)] ∼= P(2, 2), the non–weighted point counts |L
[Γ1(3)]
1,12n (Fq)| 6=
|L
[Γ(2)]
1,12n(Fq)| are different over char(Fq) 6= 2, 3. This is due to the differences in the generic stabilizer
group of the corresponding moduli stacks which is isomorphic to a trivial group for P(1, 3) as
gcd(1, 3) = 1 whereas for P(2, 2) the generic stabilizer group is isomorphic to µ2 as gcd(2, 2) = 2.
We now finally prove the Theorem 44 using the above arithmetic invariants as follows:
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Proof. Without the loss of the generality, we prove the [Γ1(2)]–structures case over char(Fq) 6=
2. The proof for the other cases are analogous. By Proposition51, we know the number of Fq-
isomorphism classes of generalized elliptic curves of discriminant degree 12n with [Γ1(2)]-structures
over P1Fq is |L
[Γ1(2)]
1,12n (Fq)| = 2 · (q
6n+1− q6n−1). Using this, we can explicitly compute the bounds for
Z
[Γ1(2)]
1,Fq(t)
(B) as the following,
Z
[Γ1(2)]
1,Fq(t)
(B) =
⌊
logqB
12
⌋∑
n=1
|L
[Γ1(2)]
1,12n (Fq)| =
⌊
logqB
12
⌋∑
n=1
2 · (q6n+1 − q6n−1)
= 2 · (q1 − q−1)
⌊
logqB
12
⌋∑
n=1
q6n ≤ 2 · (q1 − q−1)
(
q6 + · · ·+ q6·(
logqB
12
)
)
= 2 · (q1 − q−1)
q6(B
1
2 − 1)
(q6 − 1)
= 2 ·
(q7 − q5)
(q6 − 1)
· (B
1
2 − 1)
On the second line of the equations above, inequality becomes an equality if and only if n :=
logqB
12 ∈ N, i.e., B = q
12n for some n ∈ N. This implies that the acquired upper bound on Z
[Γ1(2)]
1,Fq(t)
(B)
is a sharp asymptotic with the leading term of order O
(
B
1
2
)
and the lower order term of order
O(1). 
6.2. Arithmetic of the moduli of marked genus one fibrations over P1. We proceed to
count the exact number of m-marked (m− 1)-stable genus one fibrations over P1Fq for 2 ≤ m ≤ 5.
First, we state the definition of m-marked (m− 1)-stability from [LP, Definition 1.5.3], which is a
modification of the Deligne-Mumford stability [DM]:
Definition 53. Let K be a field and m be a positive integer. Then, a tuple (C, p1, . . . , pm), of
a geometrically connected, geometrically reduced, and proper K-curve C of arithmetic genus one
with m distinct K-rational points pi in the smooth locus of C, is a (m− 1)-stable m-marked curve
of arithmetic genus one if the curve CK := C ×K K and the divisor Σ := {p1, . . . , pm} satisfy the
following properties, where K is the algebraic closure of K:
(1) CK has only nodes and elliptic u-fold points as singularities (see below), where u < m,
(2) CK has no disconnecting nodes, and
(3) every irreducible component of CK contains at least one marked point.
Remark 54. A singular point of a curve over K is an elliptic u-fold singular point if it is Gorenstein
and e´tale locally isomorphic to a union of u general lines in Pu−1K passing through a common point.
Note that the name “(m−1)-stability” comes from [Smyth, §1.1], which is defined when char(K) 6=
2, 3. By [LP, Proposition 1.5.4], the above definition (by [LP, Definition 1.5.3]) coincides with that
of Smyth when char(K) 6= 2, 3, hence we adapt Smyth’s naming convention on Lekili and Pol-
ishchuk’s definition. Regardless, we focus on the case when char(K) 6= 2, 3, so that the moduli
stack of such curves behaves reasonably.
By the work of Smyth [Smyth, Theorem 3.8], we are able to formulate the moduli stack of
(m− 1)-stable m-marked curves of arithmetic genus one over any field of characteristic 6= 2, 3:
Theorem 55. There exists a proper irreducible Deligne-Mumford moduli stack M1,m(m − 1) of
(m− 1)-stable m-marked curves arithmetic genus one over Spec(Z[1/6])
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In fact, the construction of this moduli stack extends to Spec Z by [LP, Theorem 1.5.7] (called
M
∞
1,m in loc.cit.) as an algebraic stack, which is proper over Spec Z[1/N ], where N depends on m:
• if m ≥ 3, then N = 1,
• if m = 2, then N = 2, and
• if m = 1, then N = 6.
However, even with those assumptions above, M1,m(m − 1) is not necessarily Deligne-Mumford.
Note that when m = 1, M1,1(0) ∼= M1,1 is the Deligne-Mumford moduli stack of stable elliptic
curves. Nevertheless, by [LP, Theorem 1.5.7.], we obtain the explicit descriptions of M1,m(m− 1):
Proposition 56. The moduli stack M1,m(m− 1) of m-marked (m− 1)-stable curves of arithmetic
genus one for 2 ≤ m ≤ 5 is isomorphic to the following, for a field K:
(1) If char(K) 6= 2, 3, the tame Deligne–Mumford moduli stack of 2-marked 1-stable curves of
arithmetic genus one is isomorphic to
(M1,2(1))K ∼= [(Spec K[a2, a3, a4]− 0)/Gm] = PK(2, 3, 4)
(2) If char(K) 6= 2, 3, the tame Deligne–Mumford moduli stack of 3-marked 2-stable curves of
arithmetic genus one is isomorphic to
(M1,3(2))K ∼= [(Spec K[a1, a2, a2, a3]− 0)/Gm] = PK(1, 2, 2, 3)
(3) If char(K) 6= 2, the tame Deligne–Mumford moduli stack of 4-marked 3-stable curves of
arithmetic genus one is isomorphic to
(M1,4(3))K ∼= [(Spec K[a1, a1, a1, a2, a2]− 0)/Gm] = PK(1, 1, 1, 2, 2)
(4) The moduli stack of 5-marked 4-stable curves of arithmetic genus one is isomorphic to a
scheme
(M1,5(4))K ∼= [(Spec K[a1, a1, a1, a1, a1, a1]− 0)/Gm] = PK(1, 1, 1, 1, 1, 1) ∼= P
5
K
Where λ · ai = λ
iai for λ ∈ Gm and i = 1, 2, 3, 4. Thus, the ai’s have degree i respectively.
Furthermore, if char(K) 6= 2, 3, then the discriminant divisors of such M1,m(m − 1) have degree
12.
Proof. Proof of [LP, Theorem 1.5.7.] gives the corresponding isomorphisms M1,m(m− 1) ∼= P(~λ).
By Proposition 16, the weighted projective stacks are tame Deligne–Mumford as well, and in fact,
smooth.
For the degree of the discriminant when char(K) 6= 2, 3, it suffices to describe the discriminant
divisor, the locus of singular curves in M1,m(m − 1). First, [LP, Theorem 1.5.7.] shows that in
the above case, where M1,m(m − 1) ∼= P(~λ), the line bundle OP(~λ)(1) of degree one is isomorphic
to λ := π∗ωπ, where π : C1,m(m − 1) → M1,m(m − 1) is the universal family of (m − 1)-stable
m-marked curves of arithmetic genus one. SinceM1,m(m−1) is smooth and the Picard rank is one
(generated by λ), the discriminant divisor is Cartier. In fact, by [Smyth2, §3.1], it coincides with
∆irr the locus of curves with non-disconnecting nodes or non-nodal singular points. Then [Smyth2,
Remark 3.3] (which assumes char(K) 6= 2, 3) implies that ∆irr ∼ 12λ, thus the discriminant divisor
has degree 12. 
We now consider the moduli stacks of m-marked (m− 1)-stable genus one fibrations over P1K for
any field K of char(K) = 0 or > 3:
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Proposition 57. Assume char(K) = 0 or > 3. If 2 ≤ m ≤ 5, then the moduli stack L1,m,12n
of m-marked (m − 1)-stable genus one fibrations over P1K with discriminant degree 12n is the
tame Deligne–Mumford stack Homn(P
1,M1,m(m− 1)) parameterizing the K-morphisms f : P
1 →
M1,m(m− 1) such that f
∗O
P(~λ)
(1) ∼= OP1(n).
Proof. Without the loss of the generality, we prove the 2-marked 1-stable curves of arithmetic genus
one case Homn(P
1,M1,2(1)) over char(Fq) 6= 2, 3. The proof for the other cases are analogous.
By the definition of the universal family p, any 2-marked 1-stable arithmetic genus one curves
π : Y → P1 with discriminant degree 12n comes from a morphism f : P1 → M1,2(1) and vice
versa. As this correspondence also works in families, the moduli stack of 2-marked 1-stable curves
of arithmetic genus one over P1K is isomorphic to Hom(P
1,M1,2(1)).
Since the discriminant degree of f is 12 deg f∗OM1,2(1)(1) by Proposition 56, the substack
Homn(P
1,M1,2(1)) parametrizing such f ’s with deg f
∗OM1,2(1)(1) = n is the desired moduli stack.
Since deg f∗OM1,2(1)(1) = n is an open condition, Homn(P
1,M1,2(1)) is an open substack of
Hom(P1,M1,2(1)), which is tame Deligne–Mumford by Proposition 19 as M1,2(1) itself is tame
Deligne–Mumford by Proposition 56. This shows that Homn(P
1,M1,2(1)) satisfies the desired
properties as well. 
We now apply the Theorem 11 to the moduli stacks L1,m,12n ∼= Homn(P
1,M1,m(m− 1)) over a
field K and acquire the following motives in the Grothendieck ring of K–stacks K0(StckK).
Corollary 58. If K is a field with char(K) 6= 2, 3, then
[L1,2,12n] = L
9n+2 + L9n+1 − L9n−1 − L9n−2 .
[L1,3,12n] = L
8n+3 + L8n+2 + L8n+1 − L8n−1 − L8n−2 − L8n−3 .
[L1,4,12n] = L
7n+4 + L7n+3 + L7n+2 + L7n+1 − L7n−1 − L7n−2 − L7n−3 − L7n−4 .
If K is a field of any characteristic, then
[L1,5,12n] = L
6n+5 + L6n+4 + L6n+3 + L6n+2 + L6n+1 − L6n−1 − L6n−2 − L6n−3 − L6n−4 − L6n−5 .
It is easy to see that when K = Fq, the assignment [L1,m,12n] 7→ #q(L1,m,12n) gives the weighted
point count of the moduli stack L1,m,12n over Fq.
Corollary 59. If char(Fq) 6= 2, 3, then
#q(L1,2,12n) = q
9n+2 + q9n+1 − q9n−1 − q9n−2 .
#q(L1,3,12n) = q
8n+3 + q8n+2 + q8n+1 − q8n−1 − q8n−2 − q8n−3 .
#q(L1,4,12n) = q
7n+4 + q7n+3 + q7n+2 + q7n+1 − q7n−1 − q7n−2 − q7n−3 − q7n−4 .
If Fq of any cardinality q, then
#q(L1,5,12n) = q
6n+5 + q6n+4 + q6n+3 + q6n+2 + q6n+1 − q6n−1 − q6n−2 − q6n−3 − q6n−4 − q6n−5 .
Furthermore, we obtain the number |L1,m,12n(Fq)/ ∼ | of Fq–isomorphism classes of Fq–points
(i.e., the non–weighted point count).
Proposition 60. Over char(Fq) 6= 2, 3,
|L1,2,12n(Fq)| = (q
9n+2 + q9n+1 − q9n−1 − q9n−2) + (q6n+1 − q6n−1) .
|L1,3,12n(Fq)| = (q
8n+3 + q8n+2 + q8n+1 − q8n−1 − q8n−2 − q8n−3) + (q4n+1 − q4n−1) .
|L1,4,12n(Fq)| = (q
7n+4 + q7n+3 + q7n+2 + q7n+1 − q7n−1 − q7n−2 − q7n−3 − q7n−4)
+ (q4n+1 − q4n−1) .
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Over Fq of any cardinality q,
|L1,5,12n(Fq)| = q
6n+5 + q6n+4 + q6n+3 + q6n+2 + q6n+1 − q6n−1 − q6n−2 − q6n−3 − q6n−4 − q6n−5 .
Proof. Note that M1,2(1) ∼= P(2, 3, 4) has the substack P(2, 4) with the generic stabilizer of order
2. This implies that the number of isomorphism classes of Fq-points of L1,2,12n with discriminant
degree 12n is |L1,2,12n(Fq)| = (q
9n+2 + q9n+1 − q9n−1 − q9n−2) + (q6n+1 − q6n−1) by Corollary 58
and Proposition 27. Similarly, M1,3(2) ∼= P(1, 2, 2, 3) and M1,4(3) ∼= P(1, 1, 1, 2, 2) has the sub-
stack P(2, 2) with the generic stabilizer of order 2. This implies that adding (q4n+1 − q4n−1) to
the corresponding weighted points count gives the desired non–weighted point counts. Finally,
M1,5(4) ∼= P
5, so that the non-weighted point count coincides with the weighted point count from
Corollary 59

We now finally prove the Theorem 46 using the above arithmetic invariants as follows:
Proof. Without the loss of the generality, we prove the 2-marked 1-stable curves of arithmetic
genus one case Homn(P
1,M1,2(1) ∼= P(2, 3, 4)) over char(Fq) 6= 2, 3. The proof for the other
cases are analogous. Knowing the number of Fq-isomorphism classes of 1-stable arithmetic genus
one curves over P1 with discriminant degree 12n and 2-marked Weierstrass sections over Fq is
|L1,2,12n(Fq)| = (q
9n+2 + q9n+1 − q9n−1 − q9n−2) + (q6n+1 − q6n−1) by Proposition 60, we can
explicitly compute the bounds for Z1,2,Fq(t)(B) as the following,
Z1,2,Fq(t)(B) =
⌊
logqB
12
⌋∑
n=1
|L1,2,12n(Fq)| =
⌊
logqB
12
⌋∑
n=1
(q9n+2 + q9n+1 − q9n−1 − q9n−2) + (q6n+1 − q6n−1)
= (q2 + q1 − q−1 − q−2)
⌊
logqB
12
⌋∑
n=1
q9n + (q1 − q−1)
⌊
logqB
12
⌋∑
n=1
q6n
≤ (q2 + q1 − q−1 − q−2)
(
q9 + · · ·+ q9·(
logqB
12
)
)
+ (q1 − q−1)
(
q6 + · · ·+ q6·(
logqB
12
)
)
= (q2 + q1 − q−1 − q−2) ·
q9(B
3
4 − 1)
(q9 − 1)
+ (q1 − q−1)
q6(B
1
2 − 1)
(q6 − 1)
=
(q11 + q10 − q8 − q7)
(q9 − 1)
· (B
3
4 − 1) +
(q7 − q5)
(q6 − 1)
· (B
1
2 − 1)
On the third line of the equations above, inequality becomes an equality if and only if n :=
logqB
12 ∈
N, i.e., B = q12n for some n ∈ N. This implies that the acquired upper bound on Z1,2,Fq(t)(B) is
a sharp asymptotic with the leading term of order O
(
B
3
4
)
and the lower order terms of O
(
B
1
2
)
and O(1). 
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